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What we were doing back in 2017 

Data-parallel training of ImageNet
on thousands of GPUs

Large-batch problem

Jun 2017

Sep 2017

Nov 2017



Our rationale at the time

Large batch training is about taking
a few large steps with less noise Stochastic gradient descent (SGD)

<latexit sha1_base64="IOyR436oWLZbrKn8O0Lz+NybarM=">AAACMXicbVDLSsNAFJ34rPVVdekmWARFLInvjSC6ceGigrVCU8rNdGqHTiZh5kYoIV/iZ/gFbvUL3Ingyp9w0kaw1QvDnDnnXu6Z40eCa3ScN2ticmp6ZrYwV5xfWFxaLq2s3uowVpTVaChCdeeDZoJLVkOOgt1FikHgC1b3exeZXn9gSvNQ3mA/Ys0A7iXvcApoqFbp0MMuQ2gluOOmp/kDdz1zeRJ8AV4A2KUgkqt060febpXKTsUZlP0XuDkok7yqrdKn1w5pHDCJVIDWDdeJsJmAQk4FS4terFkEtAf3rGGghIDpZjL4XmpvGqZtd0JljkR7wP6eSCDQuh/4pjMzq8e1jPxPa8TYOWkmXEYxMkmHizqxsDG0s6zsNleMougbAFRx49WmXVBA0SQ6sqWtM2upycUdT+EvuN2ruEeV/euD8tl5nlCBrJMNskVcckzOyCWpkhqh5JE8kxfyaj1Zb9a79TFsnbDymTUyUtbXNx2yq3o=</latexit>

✓t+1 = ✓t � ⌘rL(✓t)

Minima

Second order optimizers are good at taking
a few large steps with less noise

This is a dense matrix with P x P elements,
where P is the number of parameters

Natural gradient descent (NGD)
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Many big companies joined the race in 2018
#GPU/TPU time epochs

Facebook 512 30 min 90
UC Berkeley 2048 20 min 90

PFN 1024 15 min 90
Tencent 2048 6.6 min 90

Sony 2048 3.7 min 90
Google 1024 2.2 min 90

Our work 2048 2.0 min 45
Fujitsu 3456 1.2 min 90

We were able to converge in fewer steps,
but each step was more expensive

Followup work by Pauloski et al. 
at SC’20 and SC’21



Followup work by Pauloski et al. 

They use layer-wise block diagonalization
and Kronecker factorization like we do

Instead of Cholesky factorization they use
spectral decomposition

SC’20 SC’21

Minimize either memory usage or 
communication volume by choosing 
different decompositions of the matrix 
computations



Some myths regarding large-batch training

Large-batch training leads to sharp minima,
which leads to poor generalization

small-batchlarge-batch

This flat minima is not actually flat

Same flatness

Different generalization

→Flat minima do not always generalize



Some myths regarding large-batch training

Large-batch training leads to sharp minima,
which leads to poor generalization
→Full-batch training can generalize as good as mini-batch training

Full batch
training on
CIFAR-10

Regularize with L2-norm of gradient (not weight)

Similar to Sharpness Aware Minimization (SAM)



Predicting Hyperparameters

H,F,C Matrices in deep learning
Generalization Metrics

• Spectral bound
• Path norm
• Fisher-Rao metric
• Variance of gradients
• Sharpness
• PAC-Baysian
• Takeuchi Information Criteria

Preconditioned Optimizers
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Bayesian Inference
Continual Learning

Gauss-Newton

F(✓)�1
rL(✓) =

�
J>
f,✓H`,fJf,✓

 �1
J>
f,✓

@L(✓)

@f

<latexit sha1_base64="zJvWWMXCoB8JS8JKLMvY9Vxqtq4="></latexit>

�
F(✓) + ��2I

 �1
rL(✓)

=
�
J>
f,✓H`,fJf,✓ + ��2I

 �1
J>
f,✓

@L(✓)

@f

<latexit sha1_base64="E86ydS+wOGEBBfDWD5mjEUPni7M="></latexit>

Critical Batch Size
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Fisher Information: Natural gradient descent
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x1 = ReLU(z0)
<latexit sha1_base64="My905iXgHVe9k2QVXTd+3bcxcsE=">AAACCHicbVDLSsNAFJ3UV62vqks3g0Wom5DUanUhFN24rGAf0MYymU7aoTNJmJmINfQH/AK3+gXuxK1/4Qf4H07aILZ64MLhnHu5h+OGjEplWZ9GZmFxaXklu5pbW9/Y3Mpv7zRkEAlM6jhggWi5SBJGfVJXVDHSCgVB3GWk6Q4vE795R4SkgX+jRiFxOOr71KMYKS3dhucy8BRH98WHrn3YzRcs05oAWuZxpWSdHcEfxU5JAaSodfNfnV6AI058hRmSsm1boXJiJBTFjIxznUiSEOEh6pO2pj7iRDrxJPUYHmilB71A6PEVnKi/L2LEpRxxV29ypAZy3kvE/7x2pLxTJ6Z+GCni4+kjL2JQBTCpAPaoIFixkSYIC6qzQjxAAmGli5r50pNJtLHuxZ5v4S9plEz7xCxflwvVi7ShLNgD+6AIbFABVXAFaqAOMBDgCTyDF+PReDXejPfpasZIb3bBDIyPb/CxmqA=</latexit>

p = softmax(z1)

How matrices can be computed in PyTorch

<latexit sha1_base64="V7pe7kvAJV6CNLCzXHS1zaW2SwI="></latexit>

=

2

64

⇣
@l

@W0

⌘⇣
@l

@W0

⌘T ⇣
@l

@W0

⌘⇣
@l

@W1

⌘T

⇣
@l

@W1

⌘⇣
@l

@W0

⌘T ⇣
@l

@W1

⌘⇣
@l

@W1

⌘T

3

75

def forward_hook(self, in_data, out_data): 
    in_data = in_data[0].clone().detach() 
    def backward_hook(out_grads): 
        self.in_data = in_data 
        self.out_grads = out_grads 
    out_data.register_hook(backward_hook) 
for module in model.children(): 
    module.register_forward_hook(forward_hook)

<latexit sha1_base64="Vs3xVem9z3DVsBne4++L/uk2PmA=">AAAB/XicdVDLSsNAFL2pr1pfVZdugkVwFRINtcuiG5cV7QPaUCaTaTt0MgkzE7GE4he41S9wJ279Fj/A/3DSRmhFDwwczrmXe+b4MaNS2fanUVhZXVvfKG6WtrZ3dvfK+wctGSUCkyaOWCQ6PpKEUU6aiipGOrEgKPQZafvjq8xv3xMhacTv1CQmXoiGnA4oRkpLtw991i9XHMuewbStquva5zVNcuXHqkCORr/81QsinISEK8yQlF3HjpWXIqEoZmRa6iWSxAiP0ZB0NeUoJNJLZ1Gn5olWAnMQCf24Mmfq4kaKQiknoa8nQ6RG8reXiX953UQNal5KeZwowvH80CBhporM7N9mQAXBik00QVhQndXEIyQQVrqdpSuBzKJNF3v5n7TOLKdquTdupX6ZN1SEIziGU3DgAupwDQ1oAoYhPMEzvBiPxqvxZrzPRwtGvnMISzA+vgE1aZZr</latexit>xl

<latexit sha1_base64="yZJS7NmAqBOXAKOB+QdiKrM0+e8=">AAACG3icbVC7TsMwFHXKq5RXgZEBiwqJqUpKobBVsDAWiT6kJoocx2mtOk5kO0gl6shn8AWs8AVsiJWBD+A/cNoKaOFIlo7OuS8fL2ZUKtP8MHILi0vLK/nVwtr6xuZWcXunJaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21vcJn57VsiJI34jRrGxAlRj9OAYqS05Bb37UAgnNoxEooiBtnoh9+5g5FbLJllcwxolk9qFfP8GH4r1pSUwBQNt/hp+xFOQsIVZkjKrmXGykmzkZiRUcFOJIkRHqAe6WrKUUikk44/MoKHWvFhEAn9uIJj9XdHikIph6GnK0Ok+nLey8T/vG6igjMnpTxOFOF4sihIGFQRzFKBPhUEKzbUBGFB9a0Q95FORunsZrb4Mjsty8WaT+EvaVXK1mm5el0t1S+mCeXBHjgAR8ACNVAHV6ABmgCDe/AInsCz8WC8GK/G26Q0Z0x7dsEMjPcvNWWi2w==</latexit>

@l

@zk

<latexit sha1_base64="8+mJamxy60+xO4I/ABfBpCZ+0ks=">AAACH3icbVDLSsNAFL2pr1pfVZduBovgqiRS1I1QdOOygn1AE8pkMmmHTh7MTIQS8gF+hl/gVr/AnbjtB/gfTtqAtvXAwOHccx9z3JgzqUxzapTW1jc2t8rblZ3dvf2D6uFRR0aJILRNIh6Jnosl5SykbcUUp71YUBy4nHbd8V1e7z5RIVkUPqpJTJ0AD0PmM4KVlgbV2o3tC0xSO8ZCMcwRz355d5COeZZpl1k3Z0CrxCpIDQq0BtVv24tIEtBQEY6l7FtmrJw0n0o4zSp2ImmMyRgPaV/TEAdUOunsMxk604qH/EjoFyo0U/92pDiQchK42hlgNZLLtVz8r9ZPlH/tpCyME0VDMl/kJxypCOXJII8JShSfaIKJYPpWREZYh6N0fgtbPJmfludiLaewSjoXdeuy3nho1Jq3RUJlOIFTOAcLrqAJ99CCNhB4hld4g3fjxfgwPo2vubVkFD3HsABj+gMwi6Rn</latexit>

=
@l

@Wkl

<latexit sha1_base64="rwpSDAgItlOBF1P2ucF8zkDpH7Y=">AAAB+3icdVDLSsNAFJ3UV62vqks3wSK4ComG2mXRjcsW7APaUCaTm3boZBJmJkIJ/QK3+gXuxK0f4wf4H07aCK3ogYHDOfdyzxw/YVQq2/40ShubW9s75d3K3v7B4VH1+KQr41QQ6JCYxaLvYwmMcugoqhj0EwE48hn0/Old7vceQUga8wc1S8CL8JjTkBKstNRmo2rNsewFTNuqu6593dCkUH6sGirQGlW/hkFM0gi4IgxLOXDsRHkZFooSBvPKMJWQYDLFYxhoynEE0ssWQefmhVYCM4yFflyZC3V1I8ORlLPI15MRVhP528vFv7xBqsKGl1GepAo4WR4KU2aq2Mx/bQZUAFFspgkmguqsJplggYnS3axdCWQebb7ay/+ke2U5dcttu7XmbdFQGZ2hc3SJHHSDmugetVAHEQToCT2jF2NuvBpvxvtytGQUO6doDcbHN5Q7lYA=</latexit>

l
<latexit sha1_base64="AuRwuUGjYYZXx5ZeJx0bUTcXy68=">AAAB+3icbVDLSsNAFL2pr1pfVZduBovgKiS1Wt0V3bhswT6gDWUymbRDJw9mJkIp+QK3+gXuxK0f4wf4H07aILZ6YOBwzr3cM8eNOZPKsj6Nwtr6xuZWcbu0s7u3f1A+POrIKBGEtknEI9FzsaSchbStmOK0FwuKA5fTrju5y/zuIxWSReGDmsbUCfAoZD4jWGmpNRmWK5ZpzYEs87JetW4u0I9i56QCOZrD8tfAi0gS0FARjqXs21asnBkWihFO09IgkTTGZIJHtK9piAMqndk8aIrOtOIhPxL6hQrN1d8bMxxIOQ1cPRlgNZarXib+5/UT5V87MxbGiaIhWRzyE45UhLJfI48JShSfaoKJYDorImMsMFG6m6UrnsyipboXe7WFv6RTNe0rs9aqVRq3eUNFOIFTOAcb6tCAe2hCGwhQeIJneDFS49V4M94XowUj3zmGJRgf35KblX8=</latexit>

k

<latexit sha1_base64="kprlB9K49cEsYDLo9wRKx5B4RLU=">AAACWnicjZDJSgNBEIY745bFJS43L41BiJcwI0E9Br14jGAWyMTQ0+lJ2vQsdNcIYZi38yUEr1686gPYkwxqEg8WNPz89VdX8Tmh4ApM8yVnrK1vbG7lC8XS9s7uXnn/oK2CSFLWooEIZNchignusxZwEKwbSkY8R7COM7lJ+50nJhUP/HuYhqzvkZHPXU4JaGtQfrAFc6Fqu5LQ2A6JBE4EFsmP7gxi/pgktuSjMZz9Jz4R3/FBuW LWzFnhVWFlooKyag7Kb/YwoJHHfKCCKNWzzBD6cfo5FSwp2pFiIaETMmI9LX3iMdWPZxwSfKqdIXYDqZ8PeOb+noiJp9TUc3TSIzBWy73U/KvXi8C96sfcDyNgPp0vciOBIcApVDzkklEQUy0IlVzfiumYaEag0S9sGar0tERzsZYprIr2ec26qNXv6pXGdUYoj47RCaoiC12iBrpFTdRCFD2jd/SBPnOvhmEUjNI8auSymUO0UMbRF+Xjucc=</latexit>✓
@l

@Wij

◆✓
@l

@Wkl

◆ <latexit sha1_base64="Z4JoS58skDydYSK9RSBiFM5IGL0="></latexit>

=

✓
xj

@l

@zi

◆✓
xl

@l

@zk

◆
<latexit sha1_base64="P546iKujiWdU1b1J3aTSdh1iNnk=">AAAB/XicdVDLSsNAFJ3UV62vqks3g0VwFZLS1nZXdOOyon1AG8pkMmnHTiZhZiKWUPwCt/oF7sSt3+IH+B9O2ghW9MCFwzn3cu89bsSoVJb1YeRWVtfWN/Kbha3tnd294v5BR4axwKSNQxaKnoskYZSTtqKKkV4kCApcRrru5CL1u3dESBryGzWNiBOgEac+xUhp6fp+eDssliyzUa82KnVomdYcKSnXGlUb2plSAhlaw+LnwAtxHBCuMENS9m0rUk6ChKKYkVlhEEsSITxBI9LXlKOASCeZnzqDJ1rxoB8KXVzBufpzIkGBlNPA1Z0BUmP520vFv7x+rPy6k1AexYpwvFjkxwyqEKZ/Q48KghWbaoKwoPpWiMdIIKx0OktbPJmeNtO5fD8P/yedsmnXzMpVpdQ8zxLKgyNwDE6BDc5AE1yCFmgDDEbgETyBZ+PBeDFejbdFa87IZg7BEoz3L2+9lpE=</latexit>xj

<latexit sha1_base64="72k6wqAhRn7SghDwc1QLxQ8anWw=">AAACG3icdVDLSsNAFJ3UV62vqEsXDhbBVUmkaLsrunFZwT6gCWEymbRDJw9mJkINWfoZfoFb/QJ34taFH+B/OGkjtqIHBg7n3Dv33uPGjAppGB9aaWl5ZXWtvF7Z2Nza3tF397oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk544vc793S7igUXgjJzGxAzQMqU8xkkpy9EPL5winVoy4pIhBlv3wO4dmjl41asYUcI40mw2z0YRmoVRBgbajf1pehJOAhBIzJMTANGJpp/mXmJGsYiWCxAiP0ZAMFA1RQISdTg/J4LFSPOhHXL1Qwqk635GiQIhJ4KrKAMmR+O3l4l/eIJF+w05pGCeShHg2yE8YlBHMU4Ee5QRLNlEEYU7VrhCPkEpGquwWpngiXy3P5ft4+D/pntbMs1r9ul5tXRQJlcEBOAInwATnoAWuQBt0AAb34BE8gWftQXvRXrW3WWlJK3r2wQK09y9MDqLr</latexit>

@l

@zi
<latexit sha1_base64="Vs3xVem9z3DVsBne4++L/uk2PmA=">AAAB/XicdVDLSsNAFL2pr1pfVZdugkVwFRINtcuiG5cV7QPaUCaTaTt0MgkzE7GE4he41S9wJ279Fj/A/3DSRmhFDwwczrmXe+b4MaNS2fanUVhZXVvfKG6WtrZ3dvfK+wctGSUCkyaOWCQ6PpKEUU6aiipGOrEgKPQZafvjq8xv3xMhacTv1CQmXoiGnA4oRkpLtw991i9XHMuewbStquva5zVNcuXHqkCORr/81QsinISEK8yQlF3HjpWXIqEoZmRa6iWSxAiP0ZB0NeUoJNJLZ1Gn5olWAnMQCf24Mmfq4kaKQiknoa8nQ6RG8reXiX953UQNal5KeZwowvH80CBhporM7N9mQAXBik00QVhQndXEIyQQVrqdpSuBzKJNF3v5n7TOLKdquTdupX6ZN1SEIziGU3DgAupwDQ1oAoYhPMEzvBiPxqvxZrzPRwtGvnMISzA+vgE1aZZr</latexit>xl

<latexit sha1_base64="yZJS7NmAqBOXAKOB+QdiKrM0+e8=">AAACG3icbVC7TsMwFHXKq5RXgZEBiwqJqUpKobBVsDAWiT6kJoocx2mtOk5kO0gl6shn8AWs8AVsiJWBD+A/cNoKaOFIlo7OuS8fL2ZUKtP8MHILi0vLK/nVwtr6xuZWcXunJaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21vcJn57VsiJI34jRrGxAlRj9OAYqS05Bb37UAgnNoxEooiBtnoh9+5g5FbLJllcwxolk9qFfP8GH4r1pSUwBQNt/hp+xFOQsIVZkjKrmXGykmzkZiRUcFOJIkRHqAe6WrKUUikk44/MoKHWvFhEAn9uIJj9XdHikIph6GnK0Ok+nLey8T/vG6igjMnpTxOFOF4sihIGFQRzFKBPhUEKzbUBGFB9a0Q95FORunsZrb4Mjsty8WaT+EvaVXK1mm5el0t1S+mCeXBHjgAR8ACNVAHV6ABmgCDe/AInsCz8WC8GK/G26Q0Z0x7dsEMjPcvNWWi2w==</latexit>

@l

@zk
<latexit sha1_base64="Z2M7X8Udxbx/pt6q7adlTyFiV7c="></latexit>

= (xjxl)

✓
@l

@zi

@l

@zk

◆
<latexit sha1_base64="P546iKujiWdU1b1J3aTSdh1iNnk=">AAAB/XicdVDLSsNAFJ3UV62vqks3g0VwFZLS1nZXdOOyon1AG8pkMmnHTiZhZiKWUPwCt/oF7sSt3+IH+B9O2ghW9MCFwzn3cu89bsSoVJb1YeRWVtfWN/Kbha3tnd294v5BR4axwKSNQxaKnoskYZSTtqKKkV4kCApcRrru5CL1u3dESBryGzWNiBOgEac+xUhp6fp+eDssliyzUa82KnVomdYcKSnXGlUb2plSAhlaw+LnwAtxHBCuMENS9m0rUk6ChKKYkVlhEEsSITxBI9LXlKOASCeZnzqDJ1rxoB8KXVzBufpzIkGBlNPA1Z0BUmP520vFv7x+rPy6k1AexYpwvFjkxwyqEKZ/Q48KghWbaoKwoPpWiMdIIKx0OktbPJmeNtO5fD8P/yedsmnXzMpVpdQ8zxLKgyNwDE6BDc5AE1yCFmgDDEbgETyBZ+PBeDFejbdFa87IZg7BEoz3L2+9lpE=</latexit>xj

<latexit sha1_base64="72k6wqAhRn7SghDwc1QLxQ8anWw=">AAACG3icdVDLSsNAFJ3UV62vqEsXDhbBVUmkaLsrunFZwT6gCWEymbRDJw9mJkINWfoZfoFb/QJ34taFH+B/OGkjtqIHBg7n3Dv33uPGjAppGB9aaWl5ZXWtvF7Z2Nza3tF397oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk544vc793S7igUXgjJzGxAzQMqU8xkkpy9EPL5winVoy4pIhBlv3wO4dmjl41asYUcI40mw2z0YRmoVRBgbajf1pehJOAhBIzJMTANGJpp/mXmJGsYiWCxAiP0ZAMFA1RQISdTg/J4LFSPOhHXL1Qwqk635GiQIhJ4KrKAMmR+O3l4l/eIJF+w05pGCeShHg2yE8YlBHMU4Ee5QRLNlEEYU7VrhCPkEpGquwWpngiXy3P5ft4+D/pntbMs1r9ul5tXRQJlcEBOAInwATnoAWuQBt0AAb34BE8gWftQXvRXrW3WWlJK3r2wQK09y9MDqLr</latexit>

@l

@zi

<latexit sha1_base64="Vs3xVem9z3DVsBne4++L/uk2PmA=">AAAB/XicdVDLSsNAFL2pr1pfVZdugkVwFRINtcuiG5cV7QPaUCaTaTt0MgkzE7GE4he41S9wJ279Fj/A/3DSRmhFDwwczrmXe+b4MaNS2fanUVhZXVvfKG6WtrZ3dvfK+wctGSUCkyaOWCQ6PpKEUU6aiipGOrEgKPQZafvjq8xv3xMhacTv1CQmXoiGnA4oRkpLtw991i9XHMuewbStquva5zVNcuXHqkCORr/81QsinISEK8yQlF3HjpWXIqEoZmRa6iWSxAiP0ZB0NeUoJNJLZ1Gn5olWAnMQCf24Mmfq4kaKQiknoa8nQ6RG8reXiX953UQNal5KeZwowvH80CBhporM7N9mQAXBik00QVhQndXEIyQQVrqdpSuBzKJNF3v5n7TOLKdquTdupX6ZN1SEIziGU3DgAupwDQ1oAoYhPMEzvBiPxqvxZrzPRwtGvnMISzA+vgE1aZZr</latexit>xl

<latexit sha1_base64="yZJS7NmAqBOXAKOB+QdiKrM0+e8=">AAACG3icbVC7TsMwFHXKq5RXgZEBiwqJqUpKobBVsDAWiT6kJoocx2mtOk5kO0gl6shn8AWs8AVsiJWBD+A/cNoKaOFIlo7OuS8fL2ZUKtP8MHILi0vLK/nVwtr6xuZWcXunJaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21vcJn57VsiJI34jRrGxAlRj9OAYqS05Bb37UAgnNoxEooiBtnoh9+5g5FbLJllcwxolk9qFfP8GH4r1pSUwBQNt/hp+xFOQsIVZkjKrmXGykmzkZiRUcFOJIkRHqAe6WrKUUikk44/MoKHWvFhEAn9uIJj9XdHikIph6GnK0Ok+nLey8T/vG6igjMnpTxOFOF4sihIGFQRzFKBPhUEKzbUBGFB9a0Q95FORunsZrb4Mjsty8WaT+EvaVXK1mm5el0t1S+mCeXBHjgAR8ACNVAHV6ABmgCDe/AInsCz8WC8GK/G26Q0Z0x7dsEMjPcvNWWi2w==</latexit>

@l

@zk

<latexit sha1_base64="P546iKujiWdU1b1J3aTSdh1iNnk=">AAAB/XicdVDLSsNAFJ3UV62vqks3g0VwFZLS1nZXdOOyon1AG8pkMmnHTiZhZiKWUPwCt/oF7sSt3+IH+B9O2ghW9MCFwzn3cu89bsSoVJb1YeRWVtfWN/Kbha3tnd294v5BR4axwKSNQxaKnoskYZSTtqKKkV4kCApcRrru5CL1u3dESBryGzWNiBOgEac+xUhp6fp+eDssliyzUa82KnVomdYcKSnXGlUb2plSAhlaw+LnwAtxHBCuMENS9m0rUk6ChKKYkVlhEEsSITxBI9LXlKOASCeZnzqDJ1rxoB8KXVzBufpzIkGBlNPA1Z0BUmP520vFv7x+rPy6k1AexYpwvFjkxwyqEKZ/Q48KghWbaoKwoPpWiMdIIKx0OktbPJmeNtO5fD8P/yedsmnXzMpVpdQ8zxLKgyNwDE6BDc5AE1yCFmgDDEbgETyBZ+PBeDFejbdFa87IZg7BEoz3L2+9lpE=</latexit>xj
<latexit sha1_base64="Vs3xVem9z3DVsBne4++L/uk2PmA=">AAAB/XicdVDLSsNAFL2pr1pfVZdugkVwFRINtcuiG5cV7QPaUCaTaTt0MgkzE7GE4he41S9wJ279Fj/A/3DSRmhFDwwczrmXe+b4MaNS2fanUVhZXVvfKG6WtrZ3dvfK+wctGSUCkyaOWCQ6PpKEUU6aiipGOrEgKPQZafvjq8xv3xMhacTv1CQmXoiGnA4oRkpLtw991i9XHMuewbStquva5zVNcuXHqkCORr/81QsinISEK8yQlF3HjpWXIqEoZmRa6iWSxAiP0ZB0NeUoJNJLZ1Gn5olWAnMQCf24Mmfq4kaKQiknoa8nQ6RG8reXiX953UQNal5KeZwowvH80CBhporM7N9mQAXBik00QVhQndXEIyQQVrqdpSuBzKJNF3v5n7TOLKdquTdupX6ZN1SEIziGU3DgAupwDQ1oAoYhPMEzvBiPxqvxZrzPRwtGvnMISzA+vgE1aZZr</latexit>xl

<latexit sha1_base64="72k6wqAhRn7SghDwc1QLxQ8anWw=">AAACG3icdVDLSsNAFJ3UV62vqEsXDhbBVUmkaLsrunFZwT6gCWEymbRDJw9mJkINWfoZfoFb/QJ34taFH+B/OGkjtqIHBg7n3Dv33uPGjAppGB9aaWl5ZXWtvF7Z2Nza3tF397oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk544vc793S7igUXgjJzGxAzQMqU8xkkpy9EPL5winVoy4pIhBlv3wO4dmjl41asYUcI40mw2z0YRmoVRBgbajf1pehJOAhBIzJMTANGJpp/mXmJGsYiWCxAiP0ZAMFA1RQISdTg/J4LFSPOhHXL1Qwqk635GiQIhJ4KrKAMmR+O3l4l/eIJF+w05pGCeShHg2yE8YlBHMU4Ee5QRLNlEEYU7VrhCPkEpGquwWpngiXy3P5ft4+D/pntbMs1r9ul5tXRQJlcEBOAInwATnoAWuQBt0AAb34BE8gWftQXvRXrW3WWlJK3r2wQK09y9MDqLr</latexit>

@l

@zi

<latexit sha1_base64="yZJS7NmAqBOXAKOB+QdiKrM0+e8=">AAACG3icbVC7TsMwFHXKq5RXgZEBiwqJqUpKobBVsDAWiT6kJoocx2mtOk5kO0gl6shn8AWs8AVsiJWBD+A/cNoKaOFIlo7OuS8fL2ZUKtP8MHILi0vLK/nVwtr6xuZWcXunJaNEYNLEEYtEx0OSMMpJU1HFSCcWBIUeI21vcJn57VsiJI34jRrGxAlRj9OAYqS05Bb37UAgnNoxEooiBtnoh9+5g5FbLJllcwxolk9qFfP8GH4r1pSUwBQNt/hp+xFOQsIVZkjKrmXGykmzkZiRUcFOJIkRHqAe6WrKUUikk44/MoKHWvFhEAn9uIJj9XdHikIph6GnK0Ok+nLey8T/vG6igjMnpTxOFOF4sihIGFQRzFKBPhUEKzbUBGFB9a0Q95FORunsZrb4Mjsty8WaT+EvaVXK1mm5el0t1S+mCeXBHjgAR8ACNVAHV6ABmgCDe/AInsCz8WC8GK/G26Q0Z0x7dsEMjPcvNWWi2w==</latexit>

@l

@zk

<latexit sha1_base64="MPjLFcR+ueHjjp9gt3PIF/9UpPY="></latexit>

F =
dataX classX

p

✓
@l

@✓

◆✓
@l

@✓

◆T

<latexit sha1_base64="2RO0eiLN3s27OoIrPxXECtHVIJY="></latexit> @l
@W0
@l

@W1

�
<latexit sha1_base64="WZjRiX/GbSiqVwRTrheQNLOrB00=">AAACH3icbVDLSsNAFJ3UV62vqks3g0VwVRIp6kYounFZwT6gCWUymbRDJw9mboQS8gF+hl/gVr/AnbjtB/gfTtqAtvXAwOHccx9z3FhwBaY5NUpr6xubW+Xtys7u3v5B9fCoo6JEUtamkYhkzyWKCR6yNnAQrBdLRgJXsK47vsvr3ScmFY/CR5jEzAnIMOQ+pwS0NKjWbF8SmtoxkcCJwCL75TaMGJDsRrvMujkDXiVWQWqoQGtQ/ba9iCYBC4EKolTfMmNw0nwsFSyr2IliMaFjMmR9TUMSMOWks89k+EwrHvYjqV8IeKb+7UhJoNQkcLUzIDBSy7Vc/K/WT8C/dlIexgmwkM4X+YnAEOE8GexxySiIiSaESq5vxXREdDqg81vY4qn8tEznYi2nsEo6F3Xrst54aNSat0VCZXSCTtE5stAVaqJ71EJtRNEzekVv6N14MT6MT+Nrbi0ZRc8xWoAx/QEX8aRU</latexit>

@l

@✓
=

<latexit sha1_base64="2RO0eiLN3s27OoIrPxXECtHVIJY="></latexit> @l
@W0
@l

@W1

�
<latexit sha1_base64="dvHXwMadLsXIiAAO5ebOQp/+OtI="></latexit>h

@l
@W0

T @l
@W1

T
i<latexit sha1_base64="t4jGIPXOgHDx4y2DJ/9/jyFgDdQ=">AAACXXiclZC7SwNBEMY35/sdtbCwWQyCNuFOgtoIoo1lBKNCLoa5zVyyuPdgd04Ix/19/g1WVpa22rqXBHw2frDw8c3MzvALUiUNue5TxZmanpmdm19YXFpeWV2rrm9cmyTTAlsiUYm+DcCgkjG2SJLC21QjRIHCm+D+vKzfPKA2MomvaJhiJ4J+LEMpgGzUrYKvMKQ9P9Qgcj8FTRIUV8Wn92mABIWvZX9A+/9sv7s66VZrbt0dif823sTU2ETNbvXF7yUiizAmocCYtuem1MnL/4XCYtHPDKYg7qGPbWtjiNB08hGKgu/apMfDRNsXEx+lXydyiIwZRoHtjIAG5metDP+qtTMKjzu5jNOMMBbjRWGmOCW85Mp7UqMgNbQGhJb2Vi4GYDGRpf9tS8+UpxWWi/eTwm9zfVD3DuuNy0bt9GxCaJ5tsx22xzx2xE7ZBWuyFhPskb2yN/ZeeXZmnGVnddzqVCYzm+ybnK0PCZK6sg==</latexit>✓

@l

@✓

◆✓
@l

@✓

◆T

=

<latexit sha1_base64="l7ufyveapl1absI9nUA/9Kv8/Ec=">AAACG3icbVC7TsMwFHXKq5RXgZEBiwqJKUpKobBVsDAWiT6kJoocx2mtOg/ZDlKJMvIZfAErfAEbYmXgA/gPnLYCWjiSpaNz7svHjRkV0jA+tMLC4tLySnG1tLa+sblV3t5piyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47vMz9zi3hgkbhjRzFxA5QP6Q+xUgqySnvWz5HOLVixCVFDLLsh985ZuaUK4ZujAEN/aReNc6P4bdiTkkFTNF0yp+WF+EkIKHEDAnRM41Y2mk+EjOSlaxEkBjhIeqTnqIhCoiw0/FHMnioFA/6EVcvlHCs/u5IUSDEKHBVZYDkQMx7ufif10ukf2anNIwTSUI8WeQnDMoI5qlAj3KCJRspgjCn6laIB0glI1V2M1s8kZ+W52LOp/CXtKu6earXrmuVxsU0oSLYAwfgCJigDhrgCjRBC2BwDx7BE3jWHrQX7VV7m5QWtGnPLpiB9v4F2OaioQ==</latexit>

@l

@z1

<latexit sha1_base64="+beZeZVjTChw0hOsxP2yxg0p8zM=">AAACHXicdVDLSsNAFJ34rPUVdelmtAiuSiJF213RjcsK9gFNCJPJpB06eTAzEWvI2s/wC9zqF7gTt+IH+B9O2oit6IGBM+e+jxszKqRhfGgLi0vLK6ultfL6xubWtr6z2xFRwjFp44hFvOciQRgNSVtSyUgv5gQFLiNdd3SRx7s3hAsahddyHBM7QIOQ+hQjqSRHP7B8jnBqxYhLihi8dczs53fnGJmjV4yqMQGcIY1G3aw3oFkoFVCg5eiflhfhJCChxAwJ0TeNWNpp3hIzkpWtRJAY4REakL6iIQqIsNPJKRk8UooH/YirF0o4UWcrUhQIMQ5clRkgORS/Y7n4V6yfSL9upzSME0lCPB3kJwzKCOa+QI9ygiUbK4Iwp2pXiIdIeSOVe3NTPJGvlvvyfTz8n3ROquZptXZVqzTPC4dKYB8cgmNggjPQBJegBdoAg3vwCJ7As/agvWiv2ts0dUEravbAHLT3L0oao2I=</latexit>

@x1

@z0
<latexit sha1_base64="bunLa+4zSbiqh2M7nR5opZWnFjI=">AAACHXicdVBLTsMwEHX4lvILsGRjqJBYRUnVlnZXwYZlkehHaqPIcZzWqvOR7SCVqGuOwQnYwgnYIbaIA3APnDYIiuBJlt68mfHMPDdmVEjTfNeWlldW19YLG8XNre2dXX1vvyOihGPSxhGLeM9FgjAakrakkpFezAkKXEa67vgiy3dvCBc0Cq/lJCZ2gIYh9SlGUkmOfjTwOcLpIEZcUsTgrWNOv6Ouihy9ZBqNerVRqUPTMGfISLnWqFrQypUSyNFy9I+BF+EkIKHEDAnRt8xY2mn2JWZkWhwkgsQIj9GQ9BUNUUCEnc5OmcITpXjQj7h6oYQz9WdHigIhJoGrKgMkR+J3LhP/yvUT6dftlIZxIkmI54P8hEEZwcwX6FFOsGQTRRDmVO0K8Qgpb6Ryb2GKJ7LVMl++jof/k07ZsGpG5apSap7nDhXAITgGp8ACZ6AJLkELtAEGd+ABPIIn7V571l6013npkpb3HIAFaG+fN2ijVg==</latexit>

@z0
@W0

<latexit sha1_base64="11YxAE3Ne1kh/HbRIg128v/gU1o=">AAACAXicdVDLSsNAFJ34rPVVdelmsAiuQlLa2u6KblxWsA9oQ5lMJu3QyUyYmQgldOUXuNUvcCdu/RI/wP9w0kawohcuHM65l3Pv8WNGlXacD2ttfWNza7uwU9zd2z84LB0dd5VIJCYdLJiQfR8pwignHU01I/1YEhT5jPT86XWm9+6JVFTwOz2LiRehMachxUgbqjcUmkZEjUplx242as1qAzq2s6gMVOrNmgvdnCmDvNqj0ucwEDiJCNeYIaUGrhNrL0VSU8zIvDhMFIkRnqIxGRjIkTHx0sW5c3humACGQprmGi7YnxspipSaRb6ZjJCeqN9aRv6lDRIdNryU8jjRhOOlUZgwqAXMfocBlQRrNjMAYUnNrRBPkERYm4RWXAKVnTY3uXw/D/8H3Yrt1u3qbbXcusoTKoBTcAYugAsuQQvcgDboAAym4BE8gWfrwXqxXq235eiale+cgJWy3r8As6SYZQ==</latexit>⌦
<latexit sha1_base64="fylR9uBfjR9YmOfTX25M32yoSQY=">AAACHXicdVDLSsNAFJ34rPUVdelmtAiuQqKhdll047KCfUATwmQyaYdOHsxMhBq69jP8Arf6Be7ErfgB/oeTNqIVvTBw7jn3NcdPGRXSNN+1hcWl5ZXVylp1fWNza1vf2e2IJOOYtHHCEt7zkSCMxqQtqWSkl3KCIp+Rrj+6KPTuDeGCJvG1HKfEjdAgpiHFSCrK0w+ckCOcOynikiIGbz1r8p11VebpNcswpwFNo27b5mlDgZL5kmqgjJanfzhBgrOIxBIzJETfMlPp5sVIzMik6mSCpAiP0ID0FYxRRISbT78ygUeKCWCYcPViCafsz44cRUKMI19VRkgOxW+tIP/S+pkMG25O4zSTJMazRWHGoExg4QsMKCdYsrECCHOqboV4iJQ3Urk3tyUQxWlzvvwPOieGVTfsK7vWPC8dqoB9cAiOgQXOQBNcghZoAwzuwAN4BE/avfasvWivs9IFrezZA3OhvX0C/RWjMA==</latexit>

@z1
@W1

<latexit sha1_base64="JHDDCWgbS3szLZlq+T6x1whRU1Y=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwFRINtcuiG5cV7AOaEiaTSTt08mBmItbQtZ/hF7jVL3AnbsUP8D+ctBGt6IWBc8+5rzlewqiQpvmulRYWl5ZXyquVtfWNzS19e6ct4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oPNc714QLGkdXcpyQfogGEQ0oRlJRrr7vBBzhzEkQlxQxeOtak+/sRmWuXrUMcxrQNGq2bZ7UFSiYL6kKimi6+ofjxzgNSSQxQ0L0LDOR/SwfiRmZVJxUkAThERqQnoIRConoZ9OvTOChYnwYxFy9SMIp+7MjQ6EQ49BTlSGSQ/Fby8m/tF4qg3o/o1GSShLh2aIgZVDGMPcF+pQTLNlYAYQ5VbdCPETKG6ncm9vii/y0OV/+B+1jw6oZ9qVdbZwVDpXBHjgAR8ACp6ABLkATtAAGd+ABPIIn7V571l6011lpSSt6dsFcaG+fMf6jUQ==</latexit>

@z1
@x1

<latexit sha1_base64="+2oV42FXBQgbG8C0Co2i+MwPtdA=">AAACAXicdVDLSgMxFM3UV62vqks3wSK4GmZ0qF0W3bisYB/QDiWTybShmWRIMkIZuvIL3OoXuBO3fokf4H+YaUdoRQ8EDufcyzm5QcKo0o7zaZXW1jc2t8rblZ3dvf2D6uFRR4lUYtLGggnZC5AijHLS1lQz0kskQXHASDeY3OR+94FIRQW/19OE+DEacRpRjLSRugOhaUzUsFpzbWcO6Nh1z3MuG4YUyo9VAwVaw+rXIBQ4jQnXmCGl+q6TaD9DUlPMyKwySBVJEJ6gEekbypEJ8bN53Rk8M0oIIyHN4xrO1eWNDMVKTePATMZIj9VvLxf/8vqpjhp+RnmSasLxIihKGdQC5n+HIZUEazY1BGFJTVeIx0girM2FVlJClVebLd/lf9K5sN267d15teZ1caEyOAGn4By44Ao0wS1ogTbAYAKewDN4sR6tV+vNel+Mlqxi5xiswPr4BnYimD0=</latexit>⌦

Backward propagation
<latexit sha1_base64="iHz8IkIfIcw3x5LFRvfeN6RHVdo=">AAACH3icbVDLSsNAFJ3UV62vqks3g0VwVRIp6kYounFZwT6gCWUymbRDJw9mboQS8gF+hl/gVr/AnbjtB/gfTtqAtvXAwOHccx9z3FhwBaY5NUpr6xubW+Xtys7u3v5B9fCoo6JEUtamkYhkzyWKCR6yNnAQrBdLRgJXsK47vsvr3ScmFY/CR5jEzAnIMOQ+pwS0NKjWbmxfEpraMZHAicAi++U2jBiQTLvMujkDXiVWQWqoQGtQ/ba9iCYBC4EKolTfMmNw0nwqFSyr2IliMaFjMmR9TUMSMOWks89k+EwrHvYjqV8IeKb+7UhJoNQkcLUzIDBSy7Vc/K/WT8C/dlIexgmwkM4X+YnAEOE8GexxySiIiSaESq5vxXREdDig81vY4qn8tDwXazmFVdK5qFuX9cZDo9a8LRIqoxN0is6Rha5QE92jFmojip7RK3pD78aL8WF8Gl9za8koeo7RAozpDxJzpFQ=</latexit>

=
@l

@✓

activation
<latexit sha1_base64="72k6wqAhRn7SghDwc1QLxQ8anWw=">AAACG3icdVDLSsNAFJ3UV62vqEsXDhbBVUmkaLsrunFZwT6gCWEymbRDJw9mJkINWfoZfoFb/QJ34taFH+B/OGkjtqIHBg7n3Dv33uPGjAppGB9aaWl5ZXWtvF7Z2Nza3tF397oiSjgmHRyxiPddJAijIelIKhnpx5ygwGWk544vc793S7igUXgjJzGxAzQMqU8xkkpy9EPL5winVoy4pIhBlv3wO4dmjl41asYUcI40mw2z0YRmoVRBgbajf1pehJOAhBIzJMTANGJpp/mXmJGsYiWCxAiP0ZAMFA1RQISdTg/J4LFSPOhHXL1Qwqk635GiQIhJ4KrKAMmR+O3l4l/eIJF+w05pGCeShHg2yE8YlBHMU4Ee5QRLNlEEYU7VrhCPkEpGquwWpngiXy3P5ft4+D/pntbMs1r9ul5tXRQJlcEBOAInwATnoAWuQBt0AAb34BE8gWftQXvRXrW3WWlJK3r2wQK09y9MDqLr</latexit>

@l

@zi

<latexit sha1_base64="P546iKujiWdU1b1J3aTSdh1iNnk=">AAAB/XicdVDLSsNAFJ3UV62vqks3g0VwFZLS1nZXdOOyon1AG8pkMmnHTiZhZiKWUPwCt/oF7sSt3+IH+B9O2ghW9MCFwzn3cu89bsSoVJb1YeRWVtfWN/Kbha3tnd294v5BR4axwKSNQxaKnoskYZSTtqKKkV4kCApcRrru5CL1u3dESBryGzWNiBOgEac+xUhp6fp+eDssliyzUa82KnVomdYcKSnXGlUb2plSAhlaw+LnwAtxHBCuMENS9m0rUk6ChKKYkVlhEEsSITxBI9LXlKOASCeZnzqDJ1rxoB8KXVzBufpzIkGBlNPA1Z0BUmP520vFv7x+rPy6k1AexYpwvFjkxwyqEKZ/Q48KghWbaoKwoPpWiMdIIKx0OktbPJmeNtO5fD8P/yedsmnXzMpVpdQ8zxLKgyNwDE6BDc5AE1yCFmgDDEbgETyBZ+PBeDFejbdFa87IZg7BEoz3L2+9lpE=</latexit>xj

<latexit sha1_base64="dOmQvZkek9Ex8k/9IYnEnTyW7Xo=">AAACH3icbVDLSsNAFL2pr1pfVZduBovgqiQi6kYounFZwT6gCWUymbRjJw9mJkIJ+QA/wy9wq1/gTtz2A/wPJ21A23pg4HDuuY85bsyZVKY5MUorq2vrG+XNytb2zu5edf+gLaNEENoiEY9E18WSchbSlmKK024sKA5cTjvu6Davd56okCwKH9Q4pk6AByHzGcFKS/1q7dr2BSapHWOhGOaIZ7+800/ZY5Zpl1k3p0DLxCpIDQo0+9Vv24tIEtBQEY6l7FlmrJw0n0o4zSp2ImmMyQgPaE/TEAdUOun0Mxk60YqH/EjoFyo0Vf92pDiQchy42hlgNZSLtVz8r9ZLlH/lpCyME0VDMlvkJxypCOXJII8JShQfa4KJYPpWRIZYh6N0fnNbPJmfludiLaawTNpndeuifn5/XmvcFAmV4QiO4RQsuIQG3EETWkDgGV7hDd6NF+PD+DS+ZtaSUfQcwhyMyQ8qJaRj</latexit>

=
@l

@Wij
<latexit sha1_base64="4/OrSiQL2OokXDPgemimol+Os9M=">AAAB+3icdVDLSsNAFL2pr1pfVZduBovgqiRStN0V3bhswT6gDWUymbRDJ5MwMxFK6Be41S9wJ279GD/A/3DSRmhFD1w4nHMv997jxZwpbdufVmFjc2t7p7hb2ts/ODwqH590VZRIQjsk4pHse1hRzgTtaKY57ceS4tDjtOdN7zK/90ilYpF40LOYuiEeCxYwgrWR2mxUrthVewG0QhqNulNvICdXKpCjNSp/Df2IJCEVmnCs1MCxY+2mWGpGOJ2XhomiMSZTPKYDQwUOqXLTxaFzdGEUHwWRNCU0WqirEykOlZqFnukMsZ6o314m/uUNEh3U3ZSJONFUkOWiIOFIRyj7GvlMUqL5zBBMJDO3IjLBEhNtslnb4qvstLnJ5ed59D/pXlWd62qtXas0b/OEinAG53AJDtxAE+6hBR0gQOEJnuHFmluv1pv1vmwtWPnMKazB+vgGqUaVjw==</latexit>

i<latexit sha1_base64="dW1rGibLKMQmHZyJfzLlSygvkVU=">AAAB+3icdVDLSsNAFJ3UV62vqks3g0VwFZLS1nZXdOOyBfuANpTJZNKOnUzCzEQoIV/gVr/Anbj1Y/wA/8NJG8GKHrhwOOde7r3HjRiVyrI+jMLG5tb2TnG3tLd/cHhUPj7pyzAWmPRwyEIxdJEkjHLSU1QxMowEQYHLyMCd32T+4IEISUN+pxYRcQI05dSnGCktde8n5Ypltpr1Vq0JLdNaIiPVRqtuQztXKiBHZ1L+HHshjg PCFWZIypFtRcpJkFAUM5KWxrEkEcJzNCUjTTkKiHSS5aEpvNCKB/1Q6OIKLtWfEwkKpFwEru4MkJrJ314m/uWNYuU3nYTyKFaE49UiP2ZQhTD7GnpUEKzYQhOEBdW3QjxDAmGls1nb4snstFTn8v08/J/0q6bdMGvdWqV9nSdUBGfgHFwCG1yBNrgFHdADGBDwCJ7As5EaL8ar8bZqLRj5zClYg/H+Bc6PlaY=</latexit>

j

error signal
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<latexit sha1_base64="l7ufyveapl1absI9nUA/9Kv8/Ec=">AAACG3icbVC7TsMwFHXKq5RXgZEBiwqJKUpKobBVsDAWiT6kJoocx2mtOg/ZDlKJMvIZfAErfAEbYmXgA/gPnLYCWjiSpaNz7svHjRkV0jA+tMLC4tLySnG1tLa+sblV3t5piyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47vMz9zi3hgkbhjRzFxA5QP6Q+xUgqySnvWz5HOLVixCVFDLLsh985ZuaUK4ZujAEN/aReNc6P4bdiTkkFTNF0yp+WF+EkIKHEDAnRM41Y2mk+EjOSlaxEkBjhIeqTnqIhCoiw0/FHMnioFA/6EVcvlHCs/u5IUSDEKHBVZYDkQMx7ufif10ukf2anNIwTSUI8WeQnDMoI5qlAj3KCJRspgjCn6laIB0glI1V2M1s8kZ+W52LOp/CXtKu6earXrmuVxsU0oSLYAwfgCJigDhrgCjRBC2BwDx7BE3jWHrQX7VV7m5QWtGnPLpiB9v4F2OaioQ==</latexit>

@l

@z1

<latexit sha1_base64="Lg6No6ZBzx4Zyezt0jwDr2lmlBY=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYounFZwT6gCWEymbRDJ5MwMxFKyNbP8Avc6he4E7eCH+B/OGkD2tYDA4dz7muOnzAqlWV9GZWV1bX1jepmbWt7Z3fP3D/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHPSM8f3xR+74EISWN+ryYJcSM05DSkGCkteSa8ckKBcOYkSCiKGGT5L+95Vu6ZdathTQGXiV2SOijR9sxvJ4hxGhGuMENSDmwrUW5WjMSM5DUnlSRBeIyGZKApRxGRbjb9SQ5PtBLAMBb6cQWn6t+ODEVSTiJfV0ZIjeSiV4j/eYNUhZduRnmSKsLxbFGYMqhiWMQCAyoIVmyiCcKC6lshHiGdjNLhzW0JZHFakYu9mMIy6Z417PNG865Zb12XCVXBETgGp8AGF6AFbkEbdAAGj+AZvIBX48l4M96Nj1lpxSh7DsEcjM8fBW2iqg==</latexit>

=
@l

@W0

<latexit sha1_base64="6og8bwlvwOWmSNyLuh1mM3L2kLc=">AAACHXicbVBLTsMwFHT4lvILsGRjqJBYVQmqgGUFG5ZFoh+piSLHcVqrjhPZDlKJsuYYnIAtnIAdYos4APfAaSNBW0ayNJ55z+95/IRRqSzry1haXlldW69sVDe3tnd2zb39joxTgUkbxywWPR9JwignbUUVI71EEBT5jHT90XXhd++JkDTmd2qcEDdCA05DipHSkmceOaFAOHMSJBRFDD54dv5763pW7pk1q25NABeJXZIaKNHyzG8niHEaEa4wQ1L2bStRblY8iRnJq04qSYLwCA1IX1OOIiLdbPKVHJ5oJYBhLPThCk7Uvx0ZiqQcR76ujJAaynmvEP/z+qkKL92M8iRVhOPpoDBlUMWwyAUGVBCs2FgThAXVu0I8RDobpdObmRLIYrUiF3s+hUXSOavb5/XGbaPWvCoTqoBDcAxOgQ0uQBPcgBZoAwwewTN4Aa/Gk/FmvBsf09Ilo+w5ADMwPn8A0+KjFQ==</latexit>

@z1
@W0

Gradient of first layer per data sample
<latexit sha1_base64="Vos7BsOYa+wrfiNvz09s7Rf6S0o=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwVRIp6kYounFZwT6gCWEymbRDJ5MwMxFKyNbP8Avc6he4E7eCH+B/OGkD2tYDA4dz7muOnzAqlWV9GZWV1bX1jepmbWt7Z3fP3D/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHPSM8f3xR+74EISWN+ryYJcSM05DSkGCkteSZ0QoFw5iRIKIoYZPkv73lWfuWZdathTQGXiV2SOijR9sxvJ4hxGhGuMENSDmwrUW5WzMSM5DUnlSRBeIyGZKApRxGRbjb9SQ5PtBLAMBb6cQWn6t+ODEVSTiJfV0ZIjeSiV4j/eYNUhZduRnmSKsLxbFGYMqhiWMQCAyoIVmyiCcKC6lshHiEdjdLhzW0JZHFarnOxF1NYJt2zhn3eaN41663rMqEqOALH4BTY4AK0wC1ogw7A4BE8gxfwajwZb8a78TErrRhlzyGYg/H5AwoWoqo=</latexit>

@l

@W0
=

<latexit sha1_base64="bunLa+4zSbiqh2M7nR5opZWnFjI=">AAACHXicdVBLTsMwEHX4lvILsGRjqJBYRUnVlnZXwYZlkehHaqPIcZzWqvOR7SCVqGuOwQnYwgnYIbaIA3APnDYIiuBJlt68mfHMPDdmVEjTfNeWlldW19YLG8XNre2dXX1vvyOihGPSxhGLeM9FgjAakrakkpFezAkKXEa67vgiy3dvCBc0Cq/lJCZ2gIYh9SlGUkmOfjTwOcLpIEZcUsTgrWNOv6Ouihy9ZBqNerVRqUPTMGfISLnWqFrQypUSyNFy9I+BF+EkIKHEDAnRt8xY2mn2JWZkWhwkgsQIj9GQ9BUNUUCEnc5OmcITpXjQj7h6oYQz9WdHigIhJoGrKgMkR+J3LhP/yvUT6dftlIZxIkmI54P8hEEZwcwX6FFOsGQTRRDmVO0K8Qgpb6Ryb2GKJ7LVMl++jof/k07ZsGpG5apSap7nDhXAITgGp8ACZ6AJLkELtAEGd+ABPIIn7V571l6013npkpb3HIAFaG+fN2ijVg==</latexit>

@z0
@W0

<latexit sha1_base64="+beZeZVjTChw0hOsxP2yxg0p8zM=">AAACHXicdVDLSsNAFJ34rPUVdelmtAiuSiJF213RjcsK9gFNCJPJpB06eTAzEWvI2s/wC9zqF7gTt+IH+B9O2oit6IGBM+e+jxszKqRhfGgLi0vLK6ultfL6xubWtr6z2xFRwjFp44hFvOciQRgNSVtSyUgv5gQFLiNdd3SRx7s3hAsahddyHBM7QIOQ+hQjqSRHP7B8jnBqxYhLihi8dczs53fnGJmjV4yqMQGcIY1G3aw3oFkoFVCg5eiflhfhJCChxAwJ0TeNWNpp3hIzkpWtRJAY4REakL6iIQqIsNPJKRk8UooH/YirF0o4UWcrUhQIMQ5clRkgORS/Y7n4V6yfSL9upzSME0lCPB3kJwzKCOa+QI9ygiUbK4Iwp2pXiIdIeSOVe3NTPJGvlvvyfTz8n3ROquZptXZVqzTPC4dKYB8cgmNggjPQBJegBdoAg3vwCJ7As/agvWiv2ts0dUEravbAHLT3L0oao2I=</latexit>

@x1

@z0

<latexit sha1_base64="JHDDCWgbS3szLZlq+T6x1whRU1Y=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwFRINtcuiG5cV7AOaEiaTSTt08mBmItbQtZ/hF7jVL3AnbsUP8D+ctBGt6IWBc8+5rzlewqiQpvmulRYWl5ZXyquVtfWNzS19e6ct4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oPNc714QLGkdXcpyQfogGEQ0oRlJRrr7vBBzhzEkQlxQxeOtak+/sRmWuXrUMcxrQNGq2bZ7UFSiYL6kKimi6+ofjxzgNSSQxQ0L0LDOR/SwfiRmZVJxUkAThERqQnoIRConoZ9OvTOChYnwYxFy9SMIp+7MjQ6EQ49BTlSGSQ/Fby8m/tF4qg3o/o1GSShLh2aIgZVDGMPcF+pQTLNlYAYQ5VbdCPETKG6ncm9vii/y0OV/+B+1jw6oZ9qVdbZwVDpXBHjgAR8ACp6ABLkATtAAGd+ABPIIn7V571l6011lpSSt6dsFcaG+fMf6jUQ==</latexit>

@z1
@x1

<latexit sha1_base64="l7ufyveapl1absI9nUA/9Kv8/Ec=">AAACG3icbVC7TsMwFHXKq5RXgZEBiwqJKUpKobBVsDAWiT6kJoocx2mtOg/ZDlKJMvIZfAErfAEbYmXgA/gPnLYCWjiSpaNz7svHjRkV0jA+tMLC4tLySnG1tLa+sblV3t5piyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47vMz9zi3hgkbhjRzFxA5QP6Q+xUgqySnvWz5HOLVixCVFDLLsh985ZuaUK4ZujAEN/aReNc6P4bdiTkkFTNF0yp+WF+EkIKHEDAnRM41Y2mk+EjOSlaxEkBjhIeqTnqIhCoiw0/FHMnioFA/6EVcvlHCs/u5IUSDEKHBVZYDkQMx7ufif10ukf2anNIwTSUI8WeQnDMoI5qlAj3KCJRspgjCn6laIB0glI1V2M1s8kZ+W52LOp/CXtKu6earXrmuVxsU0oSLYAwfgCJigDhrgCjRBC2BwDx7BE3jWHrQX7VV7m5QWtGnPLpiB9v4F2OaioQ==</latexit>

@l

@z1
Hessian of first layer per data sample

<latexit sha1_base64="PbVdVMjH3xg3iLM5yoWJM4OdIlU=">AAACIHicbVDLSsNAFJ3UV62vqEs3g1VwVZJS1I1QdOOygn1Ak4bJZNIOnTyYmQgl5Af8DL/ArX6BO3Gpe//DSRvEth4YOHPOvXPvHDdmVEjD+NRKK6tr6xvlzcrW9s7unr5/0BFRwjFp44hFvOciQRgNSVtSyUgv5gQFLiNdd3yT+90HwgWNwns5iYkdoGFIfYqRVJKjn1g+Rzi1YsQlRWxQhyz7vcGuYwzq2ZWjV42aMQVcJmZBqqBAy9G/LS/CSUBCiRkSom8asbTT/FXMSFaxEkFihMdoSPqKhiggwk6nv8ngqVI86EdcnVDCqfq3I0WBEJPAVZUBkiOx6OXif14/kf6lndIwTiQJ8WyQnzAoI5hHAz3KCZZsogjCnKpdIR4hFY9UAc5N8US+WqZyMRdTWCades08rzXuGtXmdZFQGRyBY3AGTHABmuAWtEAbYPAInsELeNWetDftXfuYlZa0oucQzEH7+gGZIqPy</latexit>

@2l

@W 2
0

=

<latexit sha1_base64="mY3g/A3YcCyIT6M1hPZYQKEPnL0="></latexit>

@2z0
@W 2

0

<latexit sha1_base64="+beZeZVjTChw0hOsxP2yxg0p8zM=">AAACHXicdVDLSsNAFJ34rPUVdelmtAiuSiJF213RjcsK9gFNCJPJpB06eTAzEWvI2s/wC9zqF7gTt+IH+B9O2oit6IGBM+e+jxszKqRhfGgLi0vLK6ultfL6xubWtr6z2xFRwjFp44hFvOciQRgNSVtSyUgv5gQFLiNdd3SRx7s3hAsahddyHBM7QIOQ+hQjqSRHP7B8jnBqxYhLihi8dczs53fnGJmjV4yqMQGcIY1G3aw3oFkoFVCg5eiflhfhJCChxAwJ0TeNWNpp3hIzkpWtRJAY4REakL6iIQqIsNPJKRk8UooH/YirF0o4UWcrUhQIMQ5clRkgORS/Y7n4V6yfSL9upzSME0lCPB3kJwzKCOa+QI9ygiUbK4Iwp2pXiIdIeSOVe3NTPJGvlvvyfTz8n3ROquZptXZVqzTPC4dKYB8cgmNggjPQBJegBdoAg3vwCJ7As/agvWiv2ts0dUEravbAHLT3L0oao2I=</latexit>

@x1

@z0

<latexit sha1_base64="JHDDCWgbS3szLZlq+T6x1whRU1Y=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwFRINtcuiG5cV7AOaEiaTSTt08mBmItbQtZ/hF7jVL3AnbsUP8D+ctBGt6IWBc8+5rzlewqiQpvmulRYWl5ZXyquVtfWNzS19e6ct4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oPNc714QLGkdXcpyQfogGEQ0oRlJRrr7vBBzhzEkQlxQxeOtak+/sRmWuXrUMcxrQNGq2bZ7UFSiYL6kKimi6+ofjxzgNSSQxQ0L0LDOR/SwfiRmZVJxUkAThERqQnoIRConoZ9OvTOChYnwYxFy9SMIp+7MjQ6EQ49BTlSGSQ/Fby8m/tF4qg3o/o1GSShLh2aIgZVDGMPcF+pQTLNlYAYQ5VbdCPETKG6ncm9vii/y0OV/+B+1jw6oZ9qVdbZwVDpXBHjgAR8ACp6ABLkATtAAGd+ABPIIn7V571l6011lpSSt6dsFcaG+fMf6jUQ==</latexit>

@z1
@x1

<latexit sha1_base64="l7ufyveapl1absI9nUA/9Kv8/Ec=">AAACG3icbVC7TsMwFHXKq5RXgZEBiwqJKUpKobBVsDAWiT6kJoocx2mtOg/ZDlKJMvIZfAErfAEbYmXgA/gPnLYCWjiSpaNz7svHjRkV0jA+tMLC4tLySnG1tLa+sblV3t5piyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47vMz9zi3hgkbhjRzFxA5QP6Q+xUgqySnvWz5HOLVixCVFDLLsh985ZuaUK4ZujAEN/aReNc6P4bdiTkkFTNF0yp+WF+EkIKHEDAnRM41Y2mk+EjOSlaxEkBjhIeqTnqIhCoiw0/FHMnioFA/6EVcvlHCs/u5IUSDEKHBVZYDkQMx7ufif10ukf2anNIwTSUI8WeQnDMoI5qlAj3KCJRspgjCn6laIB0glI1V2M1s8kZ+W52LOp/CXtKu6earXrmuVxsU0oSLYAwfgCJigDhrgCjRBC2BwDx7BE3jWHrQX7VV7m5QWtGnPLpiB9v4F2OaioQ==</latexit>

@l

@z1

<latexit sha1_base64="JQaxI6JxbxGU7X7hxfPD2PCKs0M=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBEEoSSi6LLoxmUL9gFtKJPJTTt08mBmIpSSL3CrX+BO3PoxfoD/4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb/yQ+51nlIrH0ZOeJOiGdBjxgDOqjdS8HFSqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdqdUas4EZuV+qjChbEyH2DM0oiEqdzoLmpFzo/gkiKV5kSYz9e/GlIZKTULPTIZUj9Syl4v/eb1UB3fulEdJqjFi80NBKoiOSf5r4nOJTIuJIZRJbrISNqKSMm26WbjiqzxaZnpxlltYJe2rmnNTs5vX1fp90VAJTuEMLsCBW6jDIzSgBQwQXuAV3qzMerc+rM/56JpV7JzAAqyvXwOtlSA=</latexit>

+

<latexit sha1_base64="JHDDCWgbS3szLZlq+T6x1whRU1Y=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwFRINtcuiG5cV7AOaEiaTSTt08mBmItbQtZ/hF7jVL3AnbsUP8D+ctBGt6IWBc8+5rzlewqiQpvmulRYWl5ZXyquVtfWNzS19e6ct4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oPNc714QLGkdXcpyQfogGEQ0oRlJRrr7vBBzhzEkQlxQxeOtak+/sRmWuXrUMcxrQNGq2bZ7UFSiYL6kKimi6+ofjxzgNSSQxQ0L0LDOR/SwfiRmZVJxUkAThERqQnoIRConoZ9OvTOChYnwYxFy9SMIp+7MjQ6EQ49BTlSGSQ/Fby8m/tF4qg3o/o1GSShLh2aIgZVDGMPcF+pQTLNlYAYQ5VbdCPETKG6ncm9vii/y0OV/+B+1jw6oZ9qVdbZwVDpXBHjgAR8ACp6ABLkATtAAGd+ABPIIn7V571l6011lpSSt6dsFcaG+fMf6jUQ==</latexit>

@z1
@x1

<latexit sha1_base64="l7ufyveapl1absI9nUA/9Kv8/Ec=">AAACG3icbVC7TsMwFHXKq5RXgZEBiwqJKUpKobBVsDAWiT6kJoocx2mtOg/ZDlKJMvIZfAErfAEbYmXgA/gPnLYCWjiSpaNz7svHjRkV0jA+tMLC4tLySnG1tLa+sblV3t5piyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47vMz9zi3hgkbhjRzFxA5QP6Q+xUgqySnvWz5HOLVixCVFDLLsh985ZuaUK4ZujAEN/aReNc6P4bdiTkkFTNF0yp+WF+EkIKHEDAnRM41Y2mk+EjOSlaxEkBjhIeqTnqIhCoiw0/FHMnioFA/6EVcvlHCs/u5IUSDEKHBVZYDkQMx7ufif10ukf2anNIwTSUI8WeQnDMoI5qlAj3KCJRspgjCn6laIB0glI1V2M1s8kZ+W52LOp/CXtKu6earXrmuVxsU0oSLYAwfgCJigDhrgCjRBC2BwDx7BE3jWHrQX7VV7m5QWtGnPLpiB9v4F2OaioQ==</latexit>

@l

@z1

<latexit sha1_base64="KvPfCmvXcTUiGw4OedeCnzCKaII="></latexit>✓
@z0
@W0

◆2
<latexit sha1_base64="nuXp0gvotHeP4Xt9VtOu1X7uVO8=">AAACIXicdVDLSgMxFM3UV62vUZdugqXgqsyUou2u6MZlBfuAPoZMmmlDM5khyYh16Bf4GX6BW/0Cd+JOXPsfZtpRWtEDgZNz38cNGZXKst6NzMrq2vpGdjO3tb2zu2fuHzRlEAlMGjhggWi7SBJGOWkoqhhph4Ig32Wk5Y4vknjrhghJA36tJiHp+WjIqUcxUlpyzELXEwjH3RAJRRHrl+CtY09//vDOsfqlqWPmraI1A1wg1WrFrlShnSp5kKLumJ/dQYAjn3CFGZKyY1uh6sVJU8zINNeNJAkRHqMh6WjKkU9kL56dM4UFrQygFwj9uIIzdbEiRr6UE9/VmT5SI/k7loh/xTqR8iq9mPIwUoTj+SAvYlAFMPEGDqggWLGJJggLqneFeIS0P0o7uDRlIJPVEl++j4f/k2apaJ8Wy1flfO08dSgLjsAxOAE2OAM1cAnqoAEwuAeP4Ak8Gw/Gi/FqvM1TM0ZacwiWYHx8AdqspKo=</latexit>

@2x1

@z20

<latexit sha1_base64="JQaxI6JxbxGU7X7hxfPD2PCKs0M=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBEEoSSi6LLoxmUL9gFtKJPJTTt08mBmIpSSL3CrX+BO3PoxfoD/4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb/yQ+51nlIrH0ZOeJOiGdBjxgDOqjdS8HFSqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdqdUas4EZuV+qjChbEyH2DM0oiEqdzoLmpFzo/gkiKV5kSYz9e/GlIZKTULPTIZUj9Syl4v/eb1UB3fulEdJqjFi80NBKoiOSf5r4nOJTIuJIZRJbrISNqKSMm26WbjiqzxaZnpxlltYJe2rmnNTs5vX1fp90VAJTuEMLsCBW6jDIzSgBQwQXuAV3qzMerc+rM/56JpV7JzAAqyvXwOtlSA=</latexit>

+
<latexit sha1_base64="l7ufyveapl1absI9nUA/9Kv8/Ec=">AAACG3icbVC7TsMwFHXKq5RXgZEBiwqJKUpKobBVsDAWiT6kJoocx2mtOg/ZDlKJMvIZfAErfAEbYmXgA/gPnLYCWjiSpaNz7svHjRkV0jA+tMLC4tLySnG1tLa+sblV3t5piyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47vMz9zi3hgkbhjRzFxA5QP6Q+xUgqySnvWz5HOLVixCVFDLLsh985ZuaUK4ZujAEN/aReNc6P4bdiTkkFTNF0yp+WF+EkIKHEDAnRM41Y2mk+EjOSlaxEkBjhIeqTnqIhCoiw0/FHMnioFA/6EVcvlHCs/u5IUSDEKHBVZYDkQMx7ufif10ukf2anNIwTSUI8WeQnDMoI5qlAj3KCJRspgjCn6laIB0glI1V2M1s8kZ+W52LOp/CXtKu6earXrmuVxsU0oSLYAwfgCJigDhrgCjRBC2BwDx7BE3jWHrQX7VV7m5QWtGnPLpiB9v4F2OaioQ==</latexit>

@l

@z1

<latexit sha1_base64="KvPfCmvXcTUiGw4OedeCnzCKaII="></latexit>✓
@z0
@W0

◆2
<latexit sha1_base64="0zfGImogLPbHmmJk3rhr6qt66hM="></latexit>✓
@x1

@z0

◆2
<latexit sha1_base64="n0xC+v95dr+piVAlwBcwICVJlWw=">AAACIXicdVBLTsMwFHT4lvIrsGRjUVViVSUlKl1WsGFZJPqR2jRyHKe16jiR7SBK1BNwDE7AFk7ADrFDrLkHTlsQRTCSpfHMe37P48WMSmWab8bS8srq2npuI7+5tb2zW9jbb8koEZg0ccQi0fGQJIxy0lRUMdKJBUGhx0jbG51nfvuaCEkjfqXGMXFCNOA0oBgpLbmFUi8QCKe9GAlFEetX4K1rTb7v8Ma1+pWJWyhaZXMKaJartm2e1DSZK19WEczRcAsfPT/CSUi4wgxJ2bXMWDlp9ihmZJLvJZLECI/QgHQ15Sgk0kmn35nAklZ8GERCH67gVP3ZkaJQynHo6coQqaH87WXiX143UUHNSSmPE0U4ng0KEgZVBLNsoE8FwYqNNUFYUL0rxEOk81E6wYUpvsxWW8jlf9KqlK1q2b60i/WzeUI5cAiOwDGwwCmogwvQAE2AwR14AI/gybg3no0X43VWumTMew7AAoz3T8KSpJk=</latexit>

@2z1
@x2

1

<latexit sha1_base64="JQaxI6JxbxGU7X7hxfPD2PCKs0M=">AAAB+3icbVDLSsNAFL3xWeur6tLNYBEEoSSi6LLoxmUL9gFtKJPJTTt08mBmIpSSL3CrX+BO3PoxfoD/4aTNwrYeGDiccy/3zPESwZW27W9rbX1jc2u7tFPe3ds/OKwcHbdVnEqGLRaLWHY9qlDwCFuaa4HdRCINPYEdb/yQ+51nlIrH0ZOeJOiGdBjxgDOqjdS8HFSqds2egawSpyBVKNAYVH76fszSECPNBFWq59iJdqdUas4EZuV+qjChbEyH2DM0oiEqdzoLmpFzo/gkiKV5kSYz9e/GlIZKTULPTIZUj9Syl4v/eb1UB3fulEdJqjFi80NBKoiOSf5r4nOJTIuJIZRJbrISNqKSMm26WbjiqzxaZnpxlltYJe2rmnNTs5vX1fp90VAJTuEMLsCBW6jDIzSgBQwQXuAV3qzMerc+rM/56JpV7JzAAqyvXwOtlSA=</latexit>

+

<latexit sha1_base64="KvPfCmvXcTUiGw4OedeCnzCKaII="></latexit>✓
@z0
@W0

◆2
<latexit sha1_base64="0zfGImogLPbHmmJk3rhr6qt66hM="></latexit>✓
@x1

@z0

◆2
<latexit sha1_base64="zxSY+2ZXBMUj2GUAY2rkLAn5CqQ="></latexit>✓
@z1
@x1

◆2
<latexit sha1_base64="sj7QvAPM3dlhqfVk8jUg29cX5SM=">AAACH3icbVBLTsMwFHT4lvIrsGRjUSGxipJSKOwq2LAsEv1ITVo5jtNadT6yHaQS5QAcgxOwhROwQ2x7AO6B00YVLTzJ0nhmnt/zOBGjQhrGRFtZXVvf2CxsFbd3dvf2SweHLRHGHJMmDlnIOw4ShNGANCWVjHQiTpDvMNJ2RreZ3n4kXNAweJDjiNg+GgTUoxhJRfVLZcvjCCdWhLikiPUqkKXzG3zqm71KqlyGbkwLGvpFrWJcn8M5Y+agDPJq9Evflhvi2CeBxAwJ0TWNSNpJ9ihmJC1asSARwiM0IF0FA+QTYSfTz6TwVDEu9EKuTiDhlP3dkSBfiLHvKKeP5FAsaxn5n9aNpXdlJzSIYkkCPBvkxQzKEGbJQJdygiUbK4Awp2pXiIdIpSNVfgtTXJGtluViLqfwF7QqunmpV++r5fpNnlABHIMTcAZMUAN1cAcaoAkweAav4A28ay/ah/apfc2sK1recwQWSpv8AGcho+k=</latexit>

@2l

@z21

Jacobian-matrix product
can be Backproped

2

15

2

2

<latexit sha1_base64="6og8bwlvwOWmSNyLuh1mM3L2kLc=">AAACHXicbVBLTsMwFHT4lvILsGRjqJBYVQmqgGUFG5ZFoh+piSLHcVqrjhPZDlKJsuYYnIAtnIAdYos4APfAaSNBW0ayNJ55z+95/IRRqSzry1haXlldW69sVDe3tnd2zb39joxTgUkbxywWPR9JwignbUUVI71EEBT5jHT90XXhd++JkDTmd2qcEDdCA05DipHSkmceOaFAOHMSJBRFDD54dv5763pW7pk1q25NABeJXZIaKNHyzG8niHEaEa4wQ1L2bStRblY8iRnJq04qSYLwCA1IX1OOIiLdbPKVHJ5oJYBhLPThCk7Uvx0ZiqQcR76ujJAaynmvEP/z+qkKL92M8iRVhOPpoDBlUMWwyAUGVBCs2FgThAXVu0I8RDobpdObmRLIYrUiF3s+hUXSOavb5/XGbaPWvCoTqoBDcAxOgQ0uQBPcgBZoAwwewTN4Aa/Gk/FmvBsf09Ilo+w5ADMwPn8A0+KjFQ==</latexit>

@z1
@W0

<latexit sha1_base64="KopciuXThvh/nPXR76GFbwSKfIU="></latexit>s
@2l

@z21

<latexit sha1_base64="0cf5dknEO7Dywf9pq1fB8fye42M=">AAAB/HicbVDLSsNAFL2pr1pfVZduBovgqiRS1I1QdKHLKvYBbSiTyaQdOpmEmYlQQv0Ct/oF7sSt/+IH+B9O2ixs64GBwzn3cs8cL+ZMadv+tgorq2vrG8XN0tb2zu5eef+gpaJEEtokEY9kx8OKciZoUzPNaSeWFIcep21vdJP57ScqFYvEox7H1A3xQLCAEayN9HB12y9X7Ko9BVomTk4qkKPRL//0/IgkIRWacKxU17Fj7aZYakY4nZR6iaIxJiM8oF1DBQ6pctNp0gk6MYqPgkiaJzSaqn83UhwqNQ49MxliPVSLXib+53UTHVy6KRNxoqkgs0NBwpGOUPZt5DNJieZjQzCRzGRFZIglJtqUM3fFV1m0ienFWWxhmbTOqs55tXZfq9Sv84aKcATHcAoOXEAd7qABTSAQwAu8wpv1bL1bH9bnbLRg5TuHMAfr6xe3/JWI</latexit>

= G<latexit sha1_base64="Rku4uP2ellI03T6CRbCHQ8q2WfA=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRJRdCMU3bhswT6gDWUyuWmHTiZhZiKU0C9wq1/gTtz6MX6A/+GkzcJWDwwczrmXe+b4CWdKO86XVVpb39jcKm9Xdnb39g+qh0cdFaeSYpvGPJY9nyjkTGBbM82xl0gkkc+x60/uc7/7hFKxWDzqaYJeREaChYwSbaTW7bBac+rOHPZf4hakBgWaw+r3IIhpGqHQlBOl+q6TaC8jUjPKcVYZpAoTQidkhH1DBYlQedk86Mw+M0pgh7E0T2h7rv7eyEik1DTyzWRE9Fitern4n9dPdXjjZUwkqUZBF4fClNs6tvNf2wGTSDWfGkKoZCarTcdEEqpNN0tXApVHm5le3NUW/pLORd29qjuty1rjrmioDCdwCufgwjU04AGa0AYKCM/wAq/WzHqz3q2PxWjJKnaOYQnW5w8gS5Uy</latexit>=

<latexit sha1_base64="sj7QvAPM3dlhqfVk8jUg29cX5SM=">AAACH3icbVBLTsMwFHT4lvIrsGRjUSGxipJSKOwq2LAsEv1ITVo5jtNadT6yHaQS5QAcgxOwhROwQ2x7AO6B00YVLTzJ0nhmnt/zOBGjQhrGRFtZXVvf2CxsFbd3dvf2SweHLRHGHJMmDlnIOw4ShNGANCWVjHQiTpDvMNJ2RreZ3n4kXNAweJDjiNg+GgTUoxhJRfVLZcvjCCdWhLikiPUqkKXzG3zqm71KqlyGbkwLGvpFrWJcn8M5Y+agDPJq9Evflhvi2CeBxAwJ0TWNSNpJ9ihmJC1asSARwiM0IF0FA+QTYSfTz6TwVDEu9EKuTiDhlP3dkSBfiLHvKKeP5FAsaxn5n9aNpXdlJzSIYkkCPBvkxQzKEGbJQJdygiUbK4Awp2pXiIdIpSNVfgtTXJGtluViLqfwF7QqunmpV++r5fpNnlABHIMTcAZMUAN1cAcaoAkweAav4A28ay/ah/apfc2sK1recwQWSpv8AGcho+k=</latexit>

@2l

@z21

<latexit sha1_base64="Cx7Csl+fgm1KEvCitvBAcIk9Gak=">AAACKnicbVDLSgMxFM3UV62vqks3wSLUTZmRoi6LblxWsA/olCGTZtrQzIPkjlCH+Qs/wy9wq1/grrjV/zDTDmhbDwROzrk39+a4keAKTHNqFNbWNza3itulnd29/YPy4VFbhbGkrEVDEcquSxQTPGAt4CBYN5KM+K5gHXd8m/mdRyYVD4MHmESs75NhwD1OCWjJKddswTyo2p4kNLEjIoETgZ8cK/29dRwztSUfjuDcKVfMmjkDXiVWTiooR9Mpf9uDkMY+C4AKolTPMiPoJ9nLVLC0ZMeKRYSOyZD1NA2Iz1Q/mf0rxWdaGWAvlPoEgGfq346E+EpNfFdX+gRGatnLxP+8XgzedT/hQRQDC+h8kBcLDCHOQsIDLhkFMdGEUMn1rpiOiI4IdJQLUwYqWy3VuVjLKayS9kXNuqzV7+uVxk2eUBGdoFNURRa6Qg10h5qohSh6Rq/oDb0bL8aHMTU+56UFI+85Rgswvn4AIseoaQ==</latexit>✓
@z1
@W0

◆ <latexit sha1_base64="ZAfmTcO5PactOQxKpbk5XYtPotY=">AAACLHicbVDLSgMxFM3UV62vqks3wSLUTZmRoi6LblxW6As6dcikmTY08yC5I9RhfsPP8Avc6he4EXGp32GmLWhbDwROzrk39+a4keAKTPPdyK2srq1v5DcLW9s7u3vF/YOWCmNJWZOGIpQdlygmeMCawEGwTiQZ8V3B2u7oOvPb90wqHgYNGEes55NBwD1OCWjJKZq2YB6UbU8SmtgRkcCJwA+Olf7e2o6Z2pIPhnB613CKJbNiToCXiTUjJTRD3Sl+2f2Qxj4LgAqiVNcyI+gl2dtUsLRgx4pFhI7IgHU1DYjPVC+Z/CzFJ1rpYy+U+gSAJ+rfjoT4So19V1f6BIZq0cvE/7xuDN5lL+FBFAML6HSQFwsMIc5iwn0uGQUx1oRQyfWumA6JDgl0mHNT+ipbLdW5WIspLJPWWcU6r1Rvq6Xa1SyhPDpCx6iMLHSBaugG1VETUfSIntELejWejDfjw/icluaMWc8hmoPx/QOsDKkv</latexit>✓
@z1
@W0

◆T

Cholesky factorization

<latexit sha1_base64="4Z891W1uSOdOKyo6q5mwBJZ/Kxc=">AAACBHicdVDLSgMxFM34rPVVdekmWARXJVPa2i6EohuXFewD22HIpGkbmskMSUasQ7d+gVv9Anfi1v/wA/wPM+0IVvTAhcM593LvPV7ImdIIfVhLyyura+uZjezm1vbObm5vv6WCSBLaJAEPZMfDinImaFMzzWknlBT7Hqdtb3yR+O1bKhULxLWehNTx8VCwASNYG+nm3kVnbRfducjN5VGhVi3XSlWICmiGhBQrtbIN7VTJgxQNN/fZ6wck8qnQhGOlujYKtRNjqRnhdJrtRYqGmIzxkHYNFdinyolnF0/hsVH6cBBIU0LDmfpzIsa+UhPfM50+1iP120vEv7xupAdVJ2YijDQVZL5oEHGoA5i8D/tMUqL5xBBMJDO3QjLCEhNtQlrY0lfJaVOTy/fz8H/SKhbsSqF0VcrXz9OEMuAQHIETYINTUAeXoAGagAABHsETeLYerBfr1Xqbty5Z6cwBWID1/gWYfZjJ</latexit>

z0 = W0x0
<latexit sha1_base64="4TvH9pKHON19YrYbRNrjUmAGJyk=">AAACBHicdVDLSsNAFJ3UV62vqks3g0VwFRINtRuh6MZlBfvANoTJZNIOnUzCzESsoVu/wK1+gTtx63/4Af6Hk7ZCK3pg4HDOvdwzx08YlcqyPo3C0vLK6lpxvbSxubW9U97da8k4FZg0ccxi0fGRJIxy0lRUMdJJBEGRz0jbH17mfvuOCEljfqNGCXEj1Oc0pBgpLd0+ePZ527PvPdsrV2zTmgBaZtVxrNOaJjPlx6qAGRpe+asXxDiNCFeYISm7tpUoN0NCUczIuNRLJUkQHqI+6WrKUUSkm00Sj+GRVgIYxkI/ruBEnd/IUCTlKPL1ZITUQP72cvEvr5uqsOZmlCepIhxPD4UpgyqG+fdhQAXBio00QVhQnRXiARIIK13SwpVA5tHG8738T1onpl01nWunUr+YNVQEB+AQHAMbnIE6uAIN0AQYcPAEnsGL8Wi8Gm/G+3S0YMx29sECjI9vX8qYpA==</latexit>

z1 = W1x1

<latexit sha1_base64="4eSMtXpH/t9DK2ejKU0jMDWBHus=">AAACB3icdVDLSsNAFJ3UV62vqks3g0Wom5JI0XYhFN24cFHFtIU2hMlk0g6dPJyZiDX0A/wCt/oF7sStn+EH+B9O2git6IGBwzn3cs8cJ2JUSF3/1HILi0vLK/nVwtr6xuZWcXunJcKYY2LikIW84yBBGA2IKalkpBNxgnyHkbYzPE/99h3hgobBjRxFxPJRP6AexUgqybq3jdNrcmmWH2z90C6W9Io+AZwh9XrNqNWhkSklkKFpF796bohjnwQSMyRE19AjaSWIS4oZGRd6sSARwkPUJ11FA+QTYSWT0GN4oBQXeiFXL5Bwos5uJMgXYuQ7atJHciB+e6n4l9eNpVezEhpEsSQBnh7yYgZlCNMGoEs5wZKNFEGYU5UV4gHiCEvV09wVV6TRxqqXn8/D/0nrqGIcV6pX1VLjLGsoD/bAPigDA5yABrgATWACDG7BE3gGL9qj9qq9ae/T0ZyW7eyCOWgf3yYcmZU=</latexit>

x1 = ReLU(z0)
<latexit sha1_base64="My905iXgHVe9k2QVXTd+3bcxcsE=">AAACCHicbVDLSsNAFJ3UV62vqks3g0Wom5DUanUhFN24rGAf0MYymU7aoTNJmJmINfQH/AK3+gXuxK1/4Qf4H07aILZ64MLhnHu5h+OGjEplWZ9GZmFxaXklu5pbW9/Y3Mpv7zRkEAlM6jhggWi5SBJGfVJXVDHSCgVB3GWk6Q4vE795R4SkgX+jRiFxOOr71KMYKS3dhucy8BRH98WHrn3YzRcs05oAWuZxpWSdHcEfxU5JAaSodfNfnV6AI058hRmSsm1boXJiJBTFjIxznUiSEOEh6pO2pj7iRDrxJPUYHmilB71A6PEVnKi/L2LEpRxxV29ypAZy3kvE/7x2pLxTJ6Z+GCni4+kjL2JQBTCpAPaoIFixkSYIC6qzQjxAAmGli5r50pNJtLHuxZ5v4S9plEz7xCxflwvVi7ShLNgD+6AIbFABVXAFaqAOMBDgCTyDF+PReDXejPfpasZIb3bBDIyPb/CxmqA=</latexit>

p = softmax(z1)

<latexit sha1_base64="l7ufyveapl1absI9nUA/9Kv8/Ec=">AAACG3icbVC7TsMwFHXKq5RXgZEBiwqJKUpKobBVsDAWiT6kJoocx2mtOg/ZDlKJMvIZfAErfAEbYmXgA/gPnLYCWjiSpaNz7svHjRkV0jA+tMLC4tLySnG1tLa+sblV3t5piyjhmLRwxCLedZEgjIakJalkpBtzggKXkY47vMz9zi3hgkbhjRzFxA5QP6Q+xUgqySnvWz5HOLVixCVFDLLsh985ZuaUK4ZujAEN/aReNc6P4bdiTkkFTNF0yp+WF+EkIKHEDAnRM41Y2mk+EjOSlaxEkBjhIeqTnqIhCoiw0/FHMnioFA/6EVcvlHCs/u5IUSDEKHBVZYDkQMx7ufif10ukf2anNIwTSUI8WeQnDMoI5qlAj3KCJRspgjCn6laIB0glI1V2M1s8kZ+W52LOp/CXtKu6earXrmuVxsU0oSLYAwfgCJigDhrgCjRBC2BwDx7BE3jWHrQX7VV7m5QWtGnPLpiB9v4F2OaioQ==</latexit>

@l

@z1

<latexit sha1_base64="+beZeZVjTChw0hOsxP2yxg0p8zM=">AAACHXicdVDLSsNAFJ34rPUVdelmtAiuSiJF213RjcsK9gFNCJPJpB06eTAzEWvI2s/wC9zqF7gTt+IH+B9O2oit6IGBM+e+jxszKqRhfGgLi0vLK6ultfL6xubWtr6z2xFRwjFp44hFvOciQRgNSVtSyUgv5gQFLiNdd3SRx7s3hAsahddyHBM7QIOQ+hQjqSRHP7B8jnBqxYhLihi8dczs53fnGJmjV4yqMQGcIY1G3aw3oFkoFVCg5eiflhfhJCChxAwJ0TeNWNpp3hIzkpWtRJAY4REakL6iIQqIsNPJKRk8UooH/YirF0o4UWcrUhQIMQ5clRkgORS/Y7n4V6yfSL9upzSME0lCPB3kJwzKCOa+QI9ygiUbK4Iwp2pXiIdIeSOVe3NTPJGvlvvyfTz8n3ROquZptXZVqzTPC4dKYB8cgmNggjPQBJegBdoAg3vwCJ7As/agvWiv2ts0dUEravbAHLT3L0oao2I=</latexit>

@x1

@z0
<latexit sha1_base64="bunLa+4zSbiqh2M7nR5opZWnFjI=">AAACHXicdVBLTsMwEHX4lvILsGRjqJBYRUnVlnZXwYZlkehHaqPIcZzWqvOR7SCVqGuOwQnYwgnYIbaIA3APnDYIiuBJlt68mfHMPDdmVEjTfNeWlldW19YLG8XNre2dXX1vvyOihGPSxhGLeM9FgjAakrakkpFezAkKXEa67vgiy3dvCBc0Cq/lJCZ2gIYh9SlGUkmOfjTwOcLpIEZcUsTgrWNOv6Ouihy9ZBqNerVRqUPTMGfISLnWqFrQypUSyNFy9I+BF+EkIKHEDAnRt8xY2mn2JWZkWhwkgsQIj9GQ9BUNUUCEnc5OmcITpXjQj7h6oYQz9WdHigIhJoGrKgMkR+J3LhP/yvUT6dftlIZxIkmI54P8hEEZwcwX6FFOsGQTRRDmVO0K8Qgpb6Ryb2GKJ7LVMl++jof/k07ZsGpG5apSap7nDhXAITgGp8ACZ6AJLkELtAEGd+ABPIIn7V571l6013npkpb3HIAFaG+fN2ijVg==</latexit>

@z0
@W0

<latexit sha1_base64="11YxAE3Ne1kh/HbRIg128v/gU1o=">AAACAXicdVDLSsNAFJ34rPVVdelmsAiuQlLa2u6KblxWsA9oQ5lMJu3QyUyYmQgldOUXuNUvcCdu/RI/wP9w0kawohcuHM65l3Pv8WNGlXacD2ttfWNza7uwU9zd2z84LB0dd5VIJCYdLJiQfR8pwignHU01I/1YEhT5jPT86XWm9+6JVFTwOz2LiRehMachxUgbqjcUmkZEjUplx242as1qAzq2s6gMVOrNmgvdnCmDvNqj0ucwEDiJCNeYIaUGrhNrL0VSU8zIvDhMFIkRnqIxGRjIkTHx0sW5c3humACGQprmGi7YnxspipSaRb6ZjJCeqN9aRv6lDRIdNryU8jjRhOOlUZgwqAXMfocBlQRrNjMAYUnNrRBPkERYm4RWXAKVnTY3uXw/D/8H3Yrt1u3qbbXcusoTKoBTcAYugAsuQQvcgDboAAym4BE8gWfrwXqxXq235eiale+cgJWy3r8As6SYZQ==</latexit>⌦
<latexit sha1_base64="fylR9uBfjR9YmOfTX25M32yoSQY=">AAACHXicdVDLSsNAFJ34rPUVdelmtAiuQqKhdll047KCfUATwmQyaYdOHsxMhBq69jP8Arf6Be7ErfgB/oeTNqIVvTBw7jn3NcdPGRXSNN+1hcWl5ZXVylp1fWNza1vf2e2IJOOYtHHCEt7zkSCMxqQtqWSkl3KCIp+Rrj+6KPTuDeGCJvG1HKfEjdAgpiHFSCrK0w+ckCOcOynikiIGbz1r8p11VebpNcswpwFNo27b5mlDgZL5kmqgjJanfzhBgrOIxBIzJETfMlPp5sVIzMik6mSCpAiP0ID0FYxRRISbT78ygUeKCWCYcPViCafsz44cRUKMI19VRkgOxW+tIP/S+pkMG25O4zSTJMazRWHGoExg4QsMKCdYsrECCHOqboV4iJQ3Urk3tyUQxWlzvvwPOieGVTfsK7vWPC8dqoB9cAiOgQXOQBNcghZoAwzuwAN4BE/avfasvWivs9IFrezZA3OhvX0C/RWjMA==</latexit>

@z1
@W1

<latexit sha1_base64="JHDDCWgbS3szLZlq+T6x1whRU1Y=">AAACHXicdVDLSsNAFJ3UV62vqEs3o0VwFRINtcuiG5cV7AOaEiaTSTt08mBmItbQtZ/hF7jVL3AnbsUP8D+ctBGt6IWBc8+5rzlewqiQpvmulRYWl5ZXyquVtfWNzS19e6ct4pRj0sIxi3nXQ4IwGpGWpJKRbsIJCj1GOt7oPNc714QLGkdXcpyQfogGEQ0oRlJRrr7vBBzhzEkQlxQxeOtak+/sRmWuXrUMcxrQNGq2bZ7UFSiYL6kKimi6+ofjxzgNSSQxQ0L0LDOR/SwfiRmZVJxUkAThERqQnoIRConoZ9OvTOChYnwYxFy9SMIp+7MjQ6EQ49BTlSGSQ/Fby8m/tF4qg3o/o1GSShLh2aIgZVDGMPcF+pQTLNlYAYQ5VbdCPETKG6ncm9vii/y0OV/+B+1jw6oZ9qVdbZwVDpXBHjgAR8ACp6ABLkATtAAGd+ABPIIn7V571l6011lpSSt6dsFcaG+fMf6jUQ==</latexit>

@z1
@x1

<latexit sha1_base64="+2oV42FXBQgbG8C0Co2i+MwPtdA=">AAACAXicdVDLSgMxFM3UV62vqks3wSK4GmZ0qF0W3bisYB/QDiWTybShmWRIMkIZuvIL3OoXuBO3fokf4H+YaUdoRQ8EDufcyzm5QcKo0o7zaZXW1jc2t8rblZ3dvf2D6uFRR4lUYtLGggnZC5AijHLS1lQz0kskQXHASDeY3OR+94FIRQW/19OE+DEacRpRjLSRugOhaUzUsFpzbWcO6Nh1z3MuG4YUyo9VAwVaw+rXIBQ4jQnXmCGl+q6TaD9DUlPMyKwySBVJEJ6gEekbypEJ8bN53Rk8M0oIIyHN4xrO1eWNDMVKTePATMZIj9VvLxf/8vqpjhp+RnmSasLxIihKGdQC5n+HIZUEazY1BGFJTVeIx0girM2FVlJClVebLd/lf9K5sN267d15teZ1caEyOAGn4By44Ao0wS1ogTbAYAKewDN4sR6tV+vNel+Mlqxi5xiswPr4BnYimD0=</latexit>⌦

<latexit sha1_base64="knSMwGe/Z39kKAkejqP4IsJ3cQE=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiRSqsuiG5cV7QPaUCaTSTt0MgkzE7GE4he41S9wJ279Fj/A/3DSZmFbDwwczrmXe+Z4MWdK2/a3VVhb39jcKm6Xdnb39g/Kh0dtFSWS0BaJeCS7HlaUM0FbmmlOu7GkOPQ47Xjjm8zvPFKpWCQe9CSmboiHggWMYG2k+6eBPShX7Ko9A1olTk4qkKM5KP/0/YgkIRWacKxUz7Fj7aZYakY4nZb6iaIxJmM8pD1DBQ6pctNZ1Ck6M4qPgkiaJzSaqX83UhwqNQk9MxliPVLLXib+5/USHVy5KRNxoqkg80NBwpGOUPZv5DNJieYTQzCRzGRFZIQlJtq0s3DFV1m0qenFWW5hlbQvqk69WrurVRrXeUNFOIFTOAcHLqEBt9CEFhAYwgu8wpv1bL1bH9bnfLRg5TvHsADr6xeuW5YV</latexit>x0

Forward propagation

Backward propagation
<latexit sha1_base64="iHz8IkIfIcw3x5LFRvfeN6RHVdo=">AAACH3icbVDLSsNAFJ3UV62vqks3g0VwVRIp6kYounFZwT6gCWUymbRDJw9mboQS8gF+hl/gVr/AnbjtB/gfTtqAtvXAwOHccx9z3FhwBaY5NUpr6xubW+Xtys7u3v5B9fCoo6JEUtamkYhkzyWKCR6yNnAQrBdLRgJXsK47vsvr3ScmFY/CR5jEzAnIMOQ+pwS0NKjWbmxfEpraMZHAicAi++U2jBiQTLvMujkDXiVWQWqoQGtQ/ba9iCYBC4EKolTfMmNw0nwqFSyr2IliMaFjMmR9TUMSMOWks89k+EwrHvYjqV8IeKb+7UhJoNQkcLUzIDBSy7Vc/K/WT8C/dlIexgmwkM4X+YnAEOE8GexxySiIiSaESq5vxXREdDig81vY4qn8tDwXazmFVdK5qFuX9cZDo9a8LRIqoxN0is6Rha5QE92jFmojip7RK3pD78aL8WF8Gl9za8koeo7RAozpDxJzpFQ=</latexit>

=
@l

@✓
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0

Labradoodle

Fried chicken

1

<latexit sha1_base64="xHTHpEntdv3yubpvz8mKjSV3R3w=">AAACBnicbVDLSsNAFJ3UV62vqks3g0Wom5DUanUhFN24rGBboQ1lMpm0QyfJMDMRa+jeL3CrX+BO3PobfoD/4aQNYqsHLhzOuZd7OC5nVCrL+jRyC4tLyyv51cLa+sbmVnF7pyWjWGDSxBGLxK2LJGE0JE1FFSO3XBAUuIy03eFl6rfviJA0Cm/UiBMnQP2Q+hQjpaUuP5eRrwJ0X3447BVLlmlNAC3zuFaxzo7gj2JnpAQyNHrFr64X4TggocIMSdmxLa6cBAlFMSPjQjeWhCM8RH3S0TREAZFOMsk8hgda8aAfCT2hghP190WCAilHgas3A6QGct5Lxf+8Tqz8UyehIY8VCfH0kR8zqCKYFgA9KghWbKQJwoLqrBAPkEBY6ZpmvngyjTbWvdjzLfwlrYppn5jV62qpfpE1lAd7YB+UgQ1qoA6uQAM0AQYcPIFn8GI8Gq/Gm/E+Xc0Z2c0umIHx8Q24BZn8</latexit>

p = softmax(z)

Generalized Gauss-Newton = Fisher

<latexit sha1_base64="TumridI3bkzNLFEYKI/HPTw6fm8=">AAACHnicbVDLSsNAFJ3UV62vqEs3Q4vgqiQi6rLoxmUF+4CmlMlk0g6dPJi5EWrI3s/wC9zqF7gTt/oB/oeTNqBtPTBwOOe+5rix4Aos68sorayurW+UNytb2zu7e+b+QVtFiaSsRSMRya5LFBM8ZC3gIFg3lowErmAdd3yd+517JhWPwjuYxKwfkGHIfU4JaGlgVh1fEpo6MZHAicAP2S93YMSAZAOzZtWtKfAysQtSQwWaA/Pb8SKaBCwEKohSPduKoZ/mU6lgWcVJFIsJHZMh62kakoCpfjr9S4aPteJhP5L6hYCn6t+OlARKTQJXVwYERmrRy8X/vF4C/mU/5WGcAAvpbJGfCAwRzoPBHpeMgphoQqjk+lZMR0SHAzq+uS2eyk/Lc7EXU1gm7dO6fV4/uz2rNa6KhMroCFXRCbLRBWqgG9RELUTRI3pGL+jVeDLejHfjY1ZaMoqeQzQH4/MHmzWkGw==</latexit>

@z

@✓

<latexit sha1_base64="NTqkANjYhRgfyKvIuK6oMiPD/hc=">AAACGXicbVDLSsNAFJ3UV62vqEsRBovgKiS1Wt0V3bisYB/QhDKZTNqhkwczE6GGrvwMv8CtfoE7cevKD/A/nLRBbfXAwOGc+5rjxowKaZofWmFhcWl5pbhaWlvf2NzSt3daIko4Jk0csYh3XCQIoyFpSioZ6cScoMBlpO0OLzO/fUu4oFF4I0cxcQLUD6lPMZJK6un7ts8RTu0YcUkRg2z8w+/GPb1sGuYE0DROahXz/Bh+K1ZOyiBHo6d/2l6Ek4CEEjMkRNcyY+mk2UDMyLhkJ4LECA9Rn3QVDVFAhJNOvjGGh0rxoB9x9UIJJ+rvjhQFQowCV1UGSA7EvJeJ/3ndRPpnTkrDOJEkxNNFfsKgjGCWCfQoJ1iykSIIc6puhXiAVC5SJTezxRPZaVku1nwKf0mrYlinRvW6Wq5f5AkVwR44AEfAAjVQB1egAZoAg3vwCJ7As/agvWiv2tu0tKDlPbtgBtr7F5IUof0=</latexit>

@l

@z

<latexit sha1_base64="iHz8IkIfIcw3x5LFRvfeN6RHVdo=">AAACH3icbVDLSsNAFJ3UV62vqks3g0VwVRIp6kYounFZwT6gCWUymbRDJw9mboQS8gF+hl/gVr/AnbjtB/gfTtqAtvXAwOHccx9z3FhwBaY5NUpr6xubW+Xtys7u3v5B9fCoo6JEUtamkYhkzyWKCR6yNnAQrBdLRgJXsK47vsvr3ScmFY/CR5jEzAnIMOQ+pwS0NKjWbmxfEpraMZHAicAi++U2jBiQTLvMujkDXiVWQWqoQGtQ/ba9iCYBC4EKolTfMmNw0nwqFSyr2IliMaFjMmR9TUMSMOWks89k+EwrHvYjqV8IeKb+7UhJoNQkcLUzIDBSy7Vc/K/WT8C/dlIexgmwkM4X+YnAEOE8GexxySiIiSaESq5vxXREdDig81vY4qn8tDwXazmFVdK5qFuX9cZDo9a8LRIqoxN0is6Rha5QE92jFmojip7RK3pD78aL8WF8Gl9za8koeo7RAozpDxJzpFQ=</latexit>

=
@l

@✓

<latexit sha1_base64="3KiC5Hzo6gwm6EjhUVnucw8D/G8=">AAAB+3icbVDLSsNAFL2pr1pfVZdugkVwVRIRdVl047IF+4A2lMnkph06mYSZiVBCv8CtfoE7cevH+AH+h5M2C9t6YOBwzr3cM8dPOFPacb6t0sbm1vZOebeyt39weFQ9PumoOJUU2zTmsez5RCFnAtuaaY69RCKJfI5df/KQ+91nlIrF4klPE/QiMhIsZJRoI7XYsFpz6s4c9jpxC1KDAs1h9WcQxDSNUGjKiVJ910m0lxGpGeU4qwxShQmhEzLCvqGCRKi8bB50Zl8YJbDDWJontD1X/25kJFJqGvlmMiJ6rFa9XPzP66c6vPMyJpJUo6CLQ2HKbR3b+a/tgEmkmk8NIVQyk9WmYyIJ1aabpSuByqPNTC/uagvrpHNVd2/q163rWuO+aKgMZ3AOl+DCLTTgEZrQBgoIL/AKb9bMerc+rM/FaMkqdk5hCdbXL2fblWM=</latexit>

iSoftmax cross entropy for the   th class
<latexit sha1_base64="KSc0BtgOoo8pggmb5LOmjn7+32E=">AAACIXicbVDLTsJAFJ3iC/FVdelmIiGBDbaGqBsTohuXmAiYQG2m0ylMmD4yMzViwxf4GX6BW/0Cd8adce1/OC1dCHiSSU7Oua85TsSokIbxpRWWlldW14rrpY3Nre0dfXevI8KYY9LGIQv5rYMEYTQgbUklI7cRJ8h3GOk6o8vU794TLmgY3MhxRCwfDQLqUYykkmy9Etn0nDxE1Ueb1uAR7IvYt0d3CWZIiMnUGNVsvWzUjQxwkZg5KYMcLVv/6bshjn0SyGxSzzQiaSWIS4oZmZT6sSARwiM0ID1FA+QTYSXZdyawohQXeiFXL5AwU/92JMgXYuw7qtJHcijmvVT8z+vF0juzEhpEsSQBni7yYgZlCNNsoEs5wZKNFUGYU3UrxEPEEZYqwZktrkhPm6hczPkUFknnuG6e1BvXjXLzIk+oCA7AIagCE5yCJrgCLdAGGDyBF/AK3rRn7V370D6npQUt79kHM9C+fwHxJqQg</latexit>

pi = exp(zi)/
classX

k

exp(zk)

Jacobian of that with respect to z
<latexit sha1_base64="8WVtecTCXpQz84TwaIoROXWGb4Y="></latexit>

@pi
@zj

= pi(�ij � pj)

Jacobian of the softmax cross-entropy (loss per class)
<latexit sha1_base64="ryekpgD6JAF+CEWhgalQFzSbgrE="></latexit>

@lk
@zj

=
@lk
@pi

@pi
@zj

=

✓
��ik

pk

◆
pi(�ij � pj)

= pj � �kj

GGN of the softmax cross-entropy
<latexit sha1_base64="2w60dCg5/NzJcGqSsRj1gbxyh9g="></latexit>

qk
@

@zi

@lk
@zj

=
@pj
@zi

= pj(�ij � pi)
<latexit sha1_base64="sGI11qrsOOrVWCotIx/auqS17w8="></latexit>

G =
dataX✓

@z

@✓

◆
q
@2l

@z2

✓
@z

@✓

◆T

<latexit sha1_base64="EPgoWRSN/OaMakpmVWDlQm0CpPo="></latexit>

F =
dataX✓

@z

@✓

◆ classX
p

✓
@l

@z

◆✓
@l

@z

◆T ✓
@z

@✓

◆T

<latexit sha1_base64="pFkqwfKw82WheAq4Xk4+TrBjDrk=">AAACHXicbVBLTsMwFHTKr5RfgCUbQ4XEKkpKobCrYMOySPQjtWnlOE5r1flgO0gl6ppjcAK2cAJ2iC3iANwDp40QLYxkaTzznt/zOBGjQprmp5ZbWFxaXsmvFtbWNza39O2dhghjjkkdhyzkLQcJwmhA6pJKRloRJ8h3GGk6w8vUb94RLmgY3MhRRGwf9QPqUYykknr6/m3H4wgnnQhxSRHrltj45wLvu6VxTy+ahjkBNI2TSsk8P4Y/ipWRIshQ6+lfHTfEsU8CiRkSom2ZkbST9EnMyLjQiQWJEB6iPmkrGiCfCDuZfGUMD5XiQi/k6gQSTtTfHQnyhRj5jqr0kRyIeS8V//PasfTO7IQGUSxJgKeDvJhBGcI0F+hSTrBkI0UQ5lTtCvEAqWikSm9miivS1dJcrPkU/pJGybBOjfJ1uVi9yBLKgz1wAI6ABSqgCq5ADdQBBg/gCTyDF+1Re9XetPdpaU7LenbBDLSPb6Sao5Y=</latexit>

q
@2l

@z2

<latexit sha1_base64="N8VvKLycaeH9trmpFns/Q6PBsoc="></latexit>

classX
p

✓
@l

@z

◆✓
@l

@z

◆T

Fisher of the softmax cross-entropy
<latexit sha1_base64="Ch/5dAPhPAyCWGQ7G83Np1fxJbs="></latexit>

classX

k

pk
@lk
@zi

@lk
@zj

=
classX

k

pk(pi � �ki)(pj � �kj)

=
classX

k

(pipjpk + pk�ki�kj)� 2pipj

= pj(�ij � pi)

Einstein summation for k is explicit here

<latexit sha1_base64="3H+bCb2PYhk9BBLV30UjCsAocbs=">AAAB/XicbVDLSsNAFL2pr1pfVZduBovgqiQi6kYoCuqyon1AG8pkMmmHTiZhZiKUUPwCt/oF7sSt3+IH+B9O2ixs64GBwzn3cs8cL+ZMadv+tgpLyyura8X10sbm1vZOeXevqaJEEtogEY9k28OKciZoQzPNaTuWFIcepy1veJ35rScqFYvEox7F1A1xX7CAEayN9HB7edMrV+yqPQFaJE5OKpCj3iv/dP2IJCEVmnCsVMexY+2mWGpGOB2XuomiMSZD3KcdQwUOqXLTSdQxOjKKj4JImic0mqh/N1IcKjUKPTMZYj1Q814m/ud1Eh1cuCkTcaKpINNDQcKRjlD2b+QzSYnmI0MwkcxkRWSAJSbatDNzxVdZtLHpxZlvYZE0T6rOWfX0/rRSu8obKsIBHMIxOHAONbiDOjSAQB9e4BXerGfr3fqwPqejBSvf2YcZWF+/TNyV2A==</latexit>

G = F

Thus, for softmax cross-entropy
we have

Negative log likelihood per class per data sample
<latexit sha1_base64="FTCJxZo3tujgzzAReEUNg4CPCx4=">AAACB3icbVDLSsNAFJ3UV62vqks3g0VwY0mkqBuh6MZlBfuANoTJZNIOmczEmYlQQj/AL3CrX+BO3PoZfoD/4aTNwrYeuHA4517u4fgJo0rb9rdVWlldW98ob1a2tnd296r7Bx0lUolJGwsmZM9HijDKSVtTzUgvkQTFPiNdP7rN/e4TkYoK/qDHCXFjNOQ0pBhpI7nMi67PBkwMYeJFXrVm1+0p4DJxClIDBVpe9WcQCJzGhGvMkFJ9x060myGpKWZkUhmkiiQIR2hI+oZyFBPlZtPQE3hilACGQprhGk7VvxcZipUax77ZjJEeqUUvF//z+qkOr9yM8iTVhOPZozBlUAuYNwADKgnWbGwIwpKarBCPkERYm57mvgQqjzYxvTiLLSyTznnduag37hu15k3RUBkcgWNwChxwCZrgDrRAG2DwCF7AK3iznq1368P6nK2WrOLmEMzB+voF5naaCg==</latexit>

lk = � log pk
Derivative with respect to p

<latexit sha1_base64="r1KjMGEcg1S+/s2EDlJInPFr04s="></latexit>

@lk
@pi

= ��ik
pk



If weren’t able to follow the equations
Loss function (negative log likelihood)

<latexit sha1_base64="MsHnM2PHqQLSK1nGomPC8IMOXHc=">AAACA3icbVDLSgMxFM3UV62vqks3wSK4scyoqBuh6MZlBfuQdiiZTKYNzWNIMkIZuvQL3OoXuBO3fogf4H+YaWdhWw8EDufcyz05QcyoNq777RSWlldW14rrpY3Nre2d8u5eU8tEYdLAkknVDpAmjArSMNQw0o4VQTxgpBUMbzO/9USUplI8mFFMfI76gkYUI2OlR3Z90mWyD+NeueJW3QngIvFyUgE56r3yTzeUOOFEGMyQ1h3PjY2fImUoZmRc6iaaxAgPUZ90LBWIE+2nk8BjeGSVEEZS2ScMnKh/N1LEtR7xwE5yZAZ63svE/7xOYqIrP6UiTgwReHooShg0Ema/hyFVBBs2sgRhRW1WiAdIIWxsRzNXQp1FG9tevPkWFknztOpdVM/uzyu1m7yhIjgAh+AYeOAS1MAdqIMGwICDF/AK3pxn5935cD6nowUn39kHM3C+fgHAAZhN</latexit>

l = � log p
Gradient

<latexit sha1_base64="Pi/McocBbG40kQjvgTAAq263/Bo="></latexit>

@l

@p
= �1

p

<latexit sha1_base64="AAaL8B1Wsku4/pMSNZte4tou2wQ="></latexit>

@2l

@p2
=

1

p2

Hessian

Fisher
<latexit sha1_base64="Nu6MxapDw9NDK/uVavmZ34voCvc="></latexit>✓
@l

@p

◆2

=
1

p2

Hessian

Gauss-Newton / Fisher (exact)

Fisher (Monte-Carlo sampling)

Uncentered covariance (empirical Fisher)

<latexit sha1_base64="P0tyaoVuReATooVFnIwe0hSU0cA="></latexit>

H =
dataX classX

q
@
2
l

@✓2

<latexit sha1_base64="MRUkUteoy6R5ahEubvcjhOjwhXI="></latexit>

F =
dataX classX

p

✓
@l

@✓

◆✓
@l

@✓

◆T

<latexit sha1_base64="eBrWODKrlF6eEun9eQASB1UD7NQ="></latexit>

Fmc =
dataX sampleX

p

✓
@l

@✓

◆✓
@l

@✓

◆T

<latexit sha1_base64="RWQDRmRybaD/JwO1AlhIwg4aoLc="></latexit>

C =
dataX classX

q

✓
@l

@✓

◆✓
@l

@✓

◆T

<latexit sha1_base64="jMSqXOdxWyRe2zLIp+s4wOpv5DI=">AAAB/HicdVDLSsNAFL2pr1pfVZdugkVwFRINtRuh6EKXVWwttKFMJpN26GQSZiZCKfUL3OoXuBO3/osf4H84aSO0ogcGDufcyz1z/IRRqWz70ygsLa+srhXXSxubW9s75d29loxTgUkTxywWbR9JwignTUUVI+1EEBT5jNz7w8vMv38gQtKY36lRQrwI9TkNKUZKS7dX571yxbHsKUzbqrqufVrTJFd+rArkaPTKX90gxmlEuMIMSdlx7ER5YyQUxYxMSt1UkgThIeqTjqYcRUR642nSiXmklcAMY6EfV+ZUnd8Yo0jKUeTryQipgfztZeJfXidVYc0bU56kinA8OxSmzFSxmX3bDKggWLGRJggLqrOaeIAEwkqXs3AlkFm0yXwv/5PWieVULffGrdQv8oaKcACHcAwOnEEdrqEBTcAQwhM8w4vxaLwab8b7bLRg5Dv7sADj4xvfoZWi</latexit>

G =



How good are these approximations?
Hessian

Gauss-Newton / Fisher (exact)

Fisher (Monte-Carlo sampling)

Uncentered covariance (empirical Fisher)

<latexit sha1_base64="P0tyaoVuReATooVFnIwe0hSU0cA="></latexit>

H =
dataX classX

q
@
2
l

@✓2

<latexit sha1_base64="MRUkUteoy6R5ahEubvcjhOjwhXI="></latexit>

F =
dataX classX

p

✓
@l

@✓

◆✓
@l

@✓

◆T

<latexit sha1_base64="eBrWODKrlF6eEun9eQASB1UD7NQ="></latexit>

Fmc =
dataX sampleX

p

✓
@l

@✓

◆✓
@l

@✓

◆T

<latexit sha1_base64="RWQDRmRybaD/JwO1AlhIwg4aoLc="></latexit>

C =
dataX classX

q

✓
@l

@✓

◆✓
@l

@✓

◆T

MLP on MNIST

<latexit sha1_base64="jMSqXOdxWyRe2zLIp+s4wOpv5DI=">AAAB/HicdVDLSsNAFL2pr1pfVZdugkVwFRINtRuh6EKXVWwttKFMJpN26GQSZiZCKfUL3OoXuBO3/osf4H84aSO0ogcGDufcyz1z/IRRqWz70ygsLa+srhXXSxubW9s75d29loxTgUkTxywWbR9JwignTUUVI+1EEBT5jNz7w8vMv38gQtKY36lRQrwI9TkNKUZKS7dX571yxbHsKUzbqrqufVrTJFd+rArkaPTKX90gxmlEuMIMSdlx7ER5YyQUxYxMSt1UkgThIeqTjqYcRUR642nSiXmklcAMY6EfV+ZUnd8Yo0jKUeTryQipgfztZeJfXidVYc0bU56kinA8OxSmzFSxmX3bDKggWLGRJggLqrOaeIAEwkqXs3AlkFm0yXwv/5PWieVULffGrdQv8oaKcACHcAwOnEEdrqEBTcAQwhM8w4vxaLwab8b7bLRg5Dv7sADj4xvfoZWi</latexit>

G =



Distributed implementation
Data parallel Model parallel Data parallel



Use stale A/G_inv
Data parallel Model parallel Data parallel



Distributed implementation 2
Data parallel Model parallel Data parallel



Use stale A/G_inv
Data parallel Model parallel Data parallel



Scalability of matrix computation in DNNs



Summary
• Hessian, Gauss-Newton, and Fisher matrices play an important role in the theory of deep 

learning

• In many common DNNs Hessian = Gauss-Newton = Fisher

• K-FAC has the best balance between approximation accuracy and computation cost

• Distributed parallelism reduces the overhead of matrix computations drastically
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